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ABDULLAYEV S.K.

ON FREDHOLM PROPERTY OF MATRIX SINGULAR INTEGRAL
OPERATORS IN THE HOLDER SPACES WITH THE WEIGHT
DEGENERATED ON SUBMANIFOLD OF SMALLER DIMENSION

Abstract

At the paper in terms of the symbol the problem on Fredholm property of matrix
in the Hélder spaces is solved with the weighted generating on submanifold operators of
Lipschitz manifold of smaller dimension. The element of matrix are multidimensional
Mikhlin-Kalderon-Zygmund singular operators. In particular, in definite conditions on
the symbol, a two-sided regularizer is constructed and it is proved that index of matrix

operator in considered Holder spaces with weight and in the space L is the same.

At the paper in terms of symbol the problem on Fredholm property of matrix
singular integral (SI) operators 4:u — Au,

Aulx) = aleule)+ [ £ (@)= u(y)dy

is solved in the Holder spaces with the weight (— H Zg), when the weight is degenerated

on submanifold Lipschitz manifold of smaller dimension, where R™ is m -dimensional
(m>2) Euclidean space, S = {x eR" :|x| = 1}, alx), f(x,0) (x ER",0¢ S) are matrices
of dimension nxn elements of which are the scalar functions g, (x), Ji (x,0) (i, Jj= l,_n)

and respectively I Sy (x,0)d,S =0, Vxe R™. Particularly the two-sides regularization for
N

the operator A is constructed and the problem on index is considered.

The results received at the paper generalize on matrix case (in particular at
calculation of index they clearify) the corresponding results of papers [1], [2]. Let’s note
that in one-dimensional case the formulas for the calculation of index SI operator in terms
of its symbol are known, both in case of continuous and discontinuous coefficients. In
multidimensional case mainly the problem on index of SI operators is solved in context of
pseudo-differential operators [3]. But application of main results of index theory as for
example Atia-Zinger theorem is accompanied with difficulty. Sometimes insuperable
especially in case of Holder spaces. In connection with this we choose an other way.
Applying the theorem of conservation of index of Noeter operator at crossing from one

B space to other, to calculate the index of the matrix SI operator 4 in H; we’ll reduce

to calculation of index in L, . This approach is connected with the fact that the space L,

is very suitable to calculate the index.
The arguments of the paper require to solve a problem on boundedness and on
construction of two sided regularizer of the operator 4 also in the spaces L, and L, (a))

The boundedness of the operator 4 in the spaces H, (R’” \F).
In further C (G) (G 1is a closed set of finite-dimensional space) means that the

space of continuous on G functions with the norm ||u||w = sup|u(x]. R" =R" U{w} isa
xeG
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compactified R™. By the determination u eC(R’"), if u eC( ’") and there exists the
final limit (o0 )—hmu( ). C( ’”) B is a space in the norm u(o0)= sup|u ]

xeR"
Let’s note that the other notations used at the given paper are taken from the
books of S.G. Mikhlin [4] and from the papers by .B. Simonenko [5,6].

Everywhere later on I'c R™ is a submanifold of some borderless (in R™)
Lipschitz manifold of dimension k:0<k<m—1, k=0 means that ' consists of one

) . ) . def 3 def
point. 7 (x) is a distance from the point xe R" to ', p,, (x) =r (x)(l + |x|) , d(x,y) =

def
= o=/ o]+ )
Let 0<v<1, @a>0, be(—o,+w). The weight Holder space H;ﬂ(R’" \F)— B

is a space of continuous on R™\T functions such that (up)(x) tends to zero when
x—zel and x — o0, and the norm

B2 sup [(pun o)~ (w0 Yo~ ()
x,yeR™\I

is finite.
The following lemma admits to express the condition u € H,; by the inequality.

Lemma. If
O<v<l,v<a<(m—k)+

then ue H_y, iff there exists C(u)>0,C,(u

x)ux)'SC[rrx |

b) VxeR"\T , Vye{yeR’"

x)fulx) — u(y)
L ”’if{u_meas o] = { [[ue)” del/p<+oo

where 1< p <o, w is almost everywhere positive in R™ functions.

\—/

, 0<pB+a+v<m, (1)

\_/

+v
>0 such that

)]

x)}

CZ(u)d_v(x9y)7

def def
L) {u  meas: ] Jou, < +oo} ,

\—/

a) VxeR"\T ,

/\

X — y|<

[\

—— IA

Definition 1. Let B be some Banach space. We'll denote by B”( ”") the totality
of the vectors u = (ul,...,un) (quadratic matrices a = {aij}, i,j= I,_n) with the components
u,eB (aij € B).

B"( " )is a linear set relative to the ordinary operations of addition and
multiplication on number and on Banach space in the norm

) X 12 ., ) 1/2
=Bl | [Ilall-(”ZJ\%HJ J

nv

def
According to this definition the spaces H,; = (H op T , L, L () are introduced.
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Let’s introduce also the classes Cj, , C Z”( ) and C2"H, .
Let 0<50<1,¢<0, ye(O,l] an
05 (x,7)= (Ix—y|/(1 + maxﬂ , }))5(1 + minﬂ , })_8 , x,yER".
Let’s denote by Cj, and C, (S) the totality of the functions f(x,0)e C(R xS ) with the

finite semi-norms

C(S)(P;;(x’y))

Ky ()= sup (£ (x)- (s

x,yeR™
and
Ku(1)= 500 70)= /6o —1 )
respectively.

—Cy.H, (1>0) is a class of functions f(x,0)e C(Rm xS) belonging to H,
uniformly by x, for which

def
Klég(f) = sup Q|f f(y,' 1%

X,yeR

P (x,y))< 3

where the space H, is Sobolev-Slobodetsky on S'.

According to definition 1 the classes Cj,C} (S),CrH, = (C s H, y
introduced with the corresponding semi-norms denoted by Ky , K" (S),Km .
Remark 1. The matrix operator 4= {AU} is bounded (completely continuous) in

the space B" iff the operators A, are bounded (completely continuous) in B and at this

1/2
DEYELTI

The truthness of this remark follows from definition 1.
Theorem 1. Let the condition (1) and f € Cjy (N C}” (S), v<u<l be fulfilled.

Then the matrix SI operator S, + S u,
(S u)x jfxﬁlx y| dy xeR"\T
is bounded in H (R’" \F) and

Is,|< clemr)+ k= () +7")
When I' is non-bounded the proof of theorem 1 is reduced to the corresponding

theorems from [2].
Let’s take the function

—1
(l + |x|)ﬂ (rF (l + rr ))a ,
when I' is compact. Let s note that the operators of multiplication by the functions

p(x)p;}(x) and paﬂ(x)p_l(x) are bounded in H_; if the conditions (1) are fulfilled.

Subject to this by virtue of remark 1 the proof of the theorem follows from the
corresponding results of paper [1].
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Let 1<p<o. Let’s denote by W, a class of weights @ for which the
multidimensional singular integral of Mikhlin-Calderon-Zygmund is bounded in L, (a))
Using the corresponding results of papers [1], [2] it is proved that if the conditions (1) are
fulfilled, then there exists p and @weW, such that H,;c L, (@) and imbedding is
continuous.

Let’s cite some properties of the classes Cj, and Cj H, .

Using corresponding theorem on imbedding of spaces H, in C(S) (see [7]) the
following is proved.

Theorem 2. Let [ >(m—1)/2,1,>(m=1)/2+ i, u<(0,1] and f(x,0)e CH, N

N C&’)’H,l . then f(x,@)e Ci N Cz” (S) and KZ" (f)+ ||f ;" <C SI;IZ"f(x"l'H, ,

K2(f)<CK™(f), where C doesn’t depend on f .

Theorem 3. Let f(x,0)eCyH, (I>(m—1)/2) and inf|det f(x,0)>0, then
' (x,0)eClH,, where [7'(x,0) is an inverse matrix f(x,0).

Proof. The structure of the matrix f'(x,0) subject to that H, (I>(m—1)/2) is

a normed ring [8], admits to be restricted by the case m=1.
Let f(x,0)e Cs,H, and inf|f(x,0) >0, then for any x,y € R™ we have:

-0, |

g(fzpm” £(x) H1j2||f(x,-)—f(y;)|

Dividing on @y, (x, y) passing to sup, from the last we get f ' (x,-) eC, H,.
The symbol of the operator 4 we call the matrix

(I)A(x,t9)= {(DAU (x,H)},

where @ 4 (i, j= I,_n) are symbols of the operators 4; =a,;J +§ e

<

H,

H, -~

As in scalar case
(DA()C,H)ZCZ()C)-I‘ F(f(x,-)]”_m) B r=|x—y
where F is a Fourier transformation multiplied by the unique matrix. The last shows that
the symbol is determined locally, i.e. at every fixed x (see [4]).

b

Theorem 4. ®,eCi'H,, (l>%} iff alx)ecy, f(x,@)eC;’:Hl . and at

this
C]K(”ﬂ mj55 (f)S K[n(;‘lg ((I)A N a)g CZK([’I’%jﬁg (f)’

where the constants c, , ¢, don’tdependon ® , , a and f .

The theorem is proved as in case n=1 (see [7]).
Remark 2. By means of this theorem it is particularly proved that if

homogeneous zero degree by second argument of the function (p(x,é’) belongs to Cj H,,
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[1 >%j then there exists b(x)eC2 and g(x,0)e C;;.’Hl » such that jg(x,@)ng =0,
2 s
Vx e R™ and the operator symbol R=5bJ + S, equals (p(x,@).

The construction of two sided regularizer.
Theorem 5. Let the conditions (1) a(x)e CY and f(x,0)e C2'H, N Coo H,, be
fulfilled where v<8,v<u<1,1>(m-1)/2+u. If
inf|det® , (x,6) >0, )
then the matrix SI operator A admits the two sided regularization in H ;.

Proof. Let RbhJ +S, be an operator, whose symbol is equal to (D:ll (x,H). By
virtue of remark 2 be Cy', g(x,0)e CH, N Coo H, and Ig(x,@)ng =0.
s

Let’s suppose for every ze R"

A u(x) alz)u(x) + J'f(zﬂ)x = " uly)dy.

o
Analogously we determine R._ .

By virtue of the condition (2) 4, and R mutually inverse operators in L, (see

[6]), i.e.
AR =R A =J.

The equality holds in L, and L, (@) (l <p<w, we Wp). Besides, Vu e H,y

and ze R"\T
(A.u)z)= A@)z), (Ru)z)=Rlu)z).
For ze R" \T" we get

(RA)z)=R(Au)z)= R.[(4. + (4= 4. )u](z)= R.(4.u2)+ R.[(4 Ju)z) =ulz) + Ty,

where Ty, =C,x +,,5

Cixiur> (CLKu)(z)d;f IL(Z,Z - x{ I(K(x,x ~y)-K(z,x - y))u(y)dy}dx;

Dy (De) = [1lesz = 0ale) - el

K(x,x—y)Zf(Xﬁxx—yrm, L(x,x—y):g(x,0)|x—y|_m.
Analogously
AR=J+T;z , T, =Cy, + Dy, .

Thus R is two sided regularizer of 4 in Hy, (R’" \F) if in this space the

operators T,, and T,, are completely continuous that is proved by means of

corresponding results from [1], [2].
Remark 3. If all the conditions of theorem 5 are fulfilled relative to @ and f,

then the operator R is a two sided regularizer 4 and in the spaces L) and in L (a))

(1 <p<xo,weW, ) The case of the space L, (a)) is considered in [10].
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By that, it is proved that the matrix SI operator A is normally solvable and has a
finite index (i.e. néthers) in the spaces L) and L) () (l <p<ow,me Wp) and H,; if the

conditions of theorem 5 are fulfilled.

On the index of the operator 4.
Let {BI,BZ} be an interpolation pair of B spaces B, and B,. As is known (see

[9]) the space B, () B, with the norm
al,, |

o= maxia ..

and the space B, + B, with the norm

||a||Bl-¢—B2 = inf i

a=aj+a,

al, +ll,, |

are Banach spaces.

Insignificant revision of theorem 10.6 from [7] leads to the proof of the following
theorem.

Theorem 6. Let {BI’BZ} be an interpolation pair of B spaces, B, (1B, densely

in B +B,,A, R are bounded in B, and B,,RA—J and AR-J are completely
continuous in B, and B,, then
Ind A(B, — B,)=1Ind A(B, > B,).
Allowing for remark 3 and applying theorem 6 for the pair (L;,L’; (a))) and
(L’;, (), H;g) we get:
Theorem 7. Let all the conditions of theorem 5 be fulfilled then
ind AlH2y > H?)=nd ALy > 12).

References

[1].  Abullayev S.K. Multidimensional singular integral equations in the Hélder spaces with
weight. // DAN SSSR, 1987, v.292, Ne4, p.777-779. (in Russian)

[2]. Abdullayev S.K. Multidimensional singular integral equations in the Holder spaces with
weight generating on non-compact space. // DAN SSSR, 1989, v.308, Ne6, p.1289-1292.
(in Russian)

[3]. Rempel Sh., Shulc B.V. Index theory of elliptic boundary value problems. Moscow, “Mir”,
1986. (in Russian)

[4]. Mikhlin S.G. Multidimensional singular integrals and integral equations. // M.,
“Phyzmathgiz”, 1962, 254p. (in Russian)

[5]. Simonenko I.B. New general method of investigation of linear operator equations type of
singular integral equations 1. // 1zv. AN SSSR, ser. math., 1965, v.29, Ne3, p.567-586. (in
Russian)

[6]. Simonenko I.B. New general method of investigation of linear operator equations type of
singular integral equations II. // 1zv. AN SSSR, ser. math., 1965, v.29, Ne4, p.757-782. (in
Russian)

[7]. Agranovich M.S. Elliptic singular integro- differential operators. // UMN, 1965, v.20,
Ne2(125), p.3-120. (in Russian)

[8].  Peetre J. Mixed problems for higher order elliptic equations in two dimensions I. // Ann.,
Scnola Norm Pisa, 1963, Nel5, p.1-12.

[9]. Kreyn S.G., Petunin Yu.l., Semenov E.M. Interpolation of linear operators. // M.,
“Nauka”, 1962, 400p. (in Russian)



Transactions of NAS Azerbaijan 15
[On Fredholm property of singular integral operators]

[10]. Abdullayev S.K., Kuliyev T.K. On Fredholm property of matrix singular integral
operators in the weight Lp spaces. /| Thesis of scientific confrence, devoted 70"

anniversary member AN Azerb. Republic, Prof. Ya.J. Mamedov, Baku-2001, p.44. (in
Russian)

Sadig K. Abdullayev

Baku State University.

23, Z.1. Khalilov str., 370148, Baku, Azerbaijan.
Tel.:62-40-98(apt.).

Received February 13, 2001; Revised November 9, 2001.
Translated by Mamedova V.1.



