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ABDULLAYEV S.K. 
 

ON FREDHOLM PROPERTY OF MATRIX SINGULAR INTEGRAL 
OPERATORS IN THE HÖLDER SPACES WITH THE WEIGHT 

DEGENERATED ON SUBMANIFOLD OF SMALLER DIMENSION 
 

Abstract 
 

 At the paper in terms of the symbol the problem on Fredholm property of matrix 
in the Hölder spaces is solved with the weighted generating on submanifold operators of 
Lipschitz manifold of smaller dimension. The element of matrix are multidimensional 
Mikhlin-Kalderon-Zygmund singular operators. In particular, in definite conditions on 
the symbol, a two-sided regularizer is constructed and it is proved that index of matrix 
operator in considered Hölder spaces with weight and in the space 2

nL  is the same. 
 
 At the paper in terms of symbol the problem on Fredholm property of matrix 
singular integral (SI) operators AuuA →: , 

( ) ( ) ( ) ( ) ( )dyyuyxxfxuxaxAu m

Rm

−+= ∫ θ,  

is solved in the Hölder spaces with the weight ( )ναβnH− , when the weight is degenerated 

on submanifold Lipschitz manifold of smaller dimension, where mR  is m -dimensional 
( )2≥m  Euclidean space, { } ( ) ( ) ( )SRxxfxaxRxS mm ∈∈=∈= θθ ,,,,1:  are matrices 

of dimension nn×  elements of which are the scalar functions ( ) ( )θ,, xfxa ijij  ( )nji ,1, =  

and respectively ( ) m

S
ij RxSdxf ∈∀=∫ ,0, θθ . Particularly the two-sides regularization for 

the operator A  is constructed and the problem on index is considered. 
 The results received at the paper generalize on matrix case (in particular at 
calculation of index they clearify) the corresponding results of papers [1], [2]. Let’s note 
that in one-dimensional case the formulas for the calculation of index SI operator in terms 
of its symbol are known, both in case of continuous and discontinuous coefficients. In 
multidimensional case mainly the problem on index of SI operators is solved in context of 
pseudo-differential operators [3]. But application of main results of index theory as for 
example Atia-Zinger theorem is accompanied with difficulty. Sometimes insuperable 
especially in case of Hölder spaces. In connection with this we choose an other way. 
Applying the theorem of conservation of index of Noeter operator at crossing from one 
B  space to other, to calculate the index of the matrix SI operator A  in ν

αβ
nH  we’ll reduce 

to calculation of index in 2L . This approach is connected with the fact that the space 2L  
is very suitable to calculate the index. 
 The arguments of the paper require to solve a problem on boundedness and on 
construction of two sided regularizer of the operator A  also in the spaces pL  and ( )ωpL . 

 
The boundedness of the operator A  in the spaces ( )Γ\mn RH ν

αβ . 

 In further ( )GC  ( G  is a closed set of finite-dimensional space) means that the 
space of continuous on G  functions with the norm ( )xuu

Gx∈
∞
= sup . { }∞= Umm RR  is a 
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compactified mR . By the determination ( )mRCu &∈ , if ( )mRCu∈  and there exists the 
final limit ( ) ( )xuu

x ∞→
=∞ lim . ( )−mRC B  is a space in the norm ( ) ( )xuu

mRx∈
=∞ sup . 

 Let’s note that the other notations used at the given paper are taken from the 
books of S.G. Mikhlin [4] and from the papers by I.B. Simonenko [5,6]. 
 Everywhere later on mR⊂Γ  is a submanifold of some borderless (in mR ) 
Lipschitz manifold of dimension 0,10: =−≤≤ kmkk  means that Γ  consists of one 

point. ( )xrΓ  is a distance from the point mRx∈  to ( ) ( )( ) ( )
defdef

yxdxxrx =+=Γ Γ ,,1, βα
αβρ  

( )( )yxyx
def

++−= 11 . 

 Let ( )+∞∞−∈>≤< ,,0,10 bαν . The weight Hölder space ( ) BRH m −Γ\ν
αβ  

is a space of continuous on Γ\mR  functions such that ( ) ( )xuρ  tends to zero when 
Γ∈→ zx  and ∞→x , and the norm 

( )( ) ( )( ) ( )yxdyuxuu
mRyx

def
,sup

\,

ν
αβαβ ρρ −

Γ∈
−=  

is finite. 
 The following lemma admits to express the condition ν

αβHu∈  by the inequality. 
 Lemma. If  
                                 ( ) mkm <++<+−<<<< ναβνανν 0,,10 ,                       (1) 
then ν

αβHu∈ , iff there exists ( ) ( ) 0,0 21 >> uCuC   such that 

a) ( ) ( ) ( )( )[ ]νρ 2
1 1,\ −

Γ +≤Γ∈∀ xxrCxuxRx m ; 

b) ( )
⎭
⎬
⎫

⎩
⎨
⎧ ≤−∈∈∀Γ∈∀ Γ

2
:,\ xryxRyyRx mm  

( ) ( ) ( ) ( ) ( )yxduCyuxux ,2
νρ −≤− , 

( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+∞<⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=−= ∫

p

R

pdefdef

p
m

dxxuumeasuL
1

: , ( )
⎭
⎬
⎫

⎩
⎨
⎧

+∞<=−=
pL

defdef

p uumeasuL ωω : , 

where ∞<≤ p1 , ω  is almost everywhere positive in mR  functions. 
 Definition 1. Let B  be some Banach space. We’ll denote by ( )nnn BB  the totality 
of the vectors ( )nuuu ,...,1=  (quadratic matrices { } njiaa ij ,1,, == ) with the components 

( )BaBu iji ∈∈ . 

 ( )nnn BB is a linear set relative to the ordinary operations of addition and 
multiplication on number and on Banach space in the norm 

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
= ∑∑

==

21

1,

2
21

1

2 ;
n

ji
ij

n

i
i aauu . 

According to this definition the spaces ( ) ( )ων
αβ

ν
αβ

n
p

n
p

ndef
n LLHH ,,=  are introduced. 
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 Let’s introduce also the classes ( )SCC nnnn
µδε ,  and l

nnHCδε . 

 Let ( ]1,0,0,10 ∈≤≤≤ µεδ  an  

( ) { }( )( ) { }( ) mRyxyxyxyxyx ∈++−=ϕ − ,,,min1,max1, εδ
δε . 

Let’s denote by δεC  and ( )SCµ  the totality of the functions ( ) ( )SRCxf m ×∈θ,  with the 
finite semi-norms 

( ) ( ) ( ) ( ) ( )( )yxyfxffK SC
Ryx m

,,,sup 1

,

−

∈
ϕ⋅−⋅= δεδε  

and  
( ) ( ) ( ) ( )( )µ

θ
µ θθ −

∈
−⋅−⋅= wwfffK mRC

Sw
,,sup

,
 

respectively. 
 ( )0>− lHC lδε  is a class of functions ( ) ( )SRCxf m ×∈θ,  belonging to lH  
uniformly by x , for which 

( ) ( ) ( ) ( )( ) ∞<ϕ⋅−⋅= −

∈
yxyfxffK

lm H
Ryx

def

l ,,,sup 1

,
δεδε , 

where the space lH  is Sobolev-Slobodetsky on S . 

 According to definition 1 the classes ( )SCC nnnn
µδε , , ( )nn

l

def

l
nn HCHC δεδε =  are 

introduced with the corresponding semi-norms denoted by ( )SKK nnnn
µδε , , nn

lK δε . 
 Remark 1. The matrix operator { }ijAA =  is bounded (completely continuous) in 

the space nB  iff the operators ijA  are bounded (completely continuous) in B  and at this 
21

,
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≤≤ ∑

ji
ijij AAA . 

The truthness of this remark follows from definition 1. 
 Theorem 1. Let the condition (1) and ( )SCCf nnnn

µν I0∈ , 1<< µν  be fulfilled. 

Then the matrix SI operator uSS ff a , 

( ) ( ) ( ) Γ∈−= ∫
− \,, m

R

m
f RxdyyuyxxfxuS

m

θ  

is bounded in ( )Γ\mn RH ν
αβ  and 

( ) ( )( )nnnnnn
f ffKfKCS

∞
++≤ µν 0 . 

 When Γ  is non-bounded the proof of theorem 1 is reduced to the corresponding 
theorems from [2]. 
 Let’s take the function 

( ) ( ) ( ) ( )( )( )αβρ 111 −
ΓΓ ++= xrxrxx , 

when Γ  is compact. Let’s note that the operators of multiplication by the functions 
( ) ( )xx 1−

αβρρ  and ( ) ( )xx 1−ρραβ  are bounded in ν
αβH  if the conditions (1) are fulfilled. 

Subject to this by virtue of remark 1 the proof of the theorem follows from the 
corresponding results of paper [1]. 
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 Let ∞<< p1 . Let’s denote by pW  a class of weights ω  for which the 
multidimensional singular integral of Mikhlin-Calderon-Zygmund is bounded in ( )ωpL . 
Using the corresponding results of papers [1], [2] it is proved that if the conditions (1) are 
fulfilled, then there exists p  and pW∈ω  such that ( )ων

αβ pLH ⊂  and imbedding is 
continuous. 
 Let’s cite some properties of the classes l

nnnn HCC δεδε  and  .  
Using corresponding theorem on imbedding of spaces lH  in ( )SC  (see [7]) the 

following is proved. 
 Theorem 2. Let ( ) ( ) ( ]1,0,21,21 1 ∈+−≥−> µµmlml  and ( ) Il

nnHCxf δεθ ∈,  

100 l
nnHCI , then ( ) ( )SCCxf nnnn

µδεθ I∈,  and ( ) ( ) ,,sup
lm H

Rx

nnnn xfCffK ⋅≤+
∈

∞µ  

( ) ( )fCKfK nn
l

nn
δεδε ≤ , where C  doesn’t depend on f . 

 Theorem 3. Let ( ) ( )( )21, −>∈ mlHCxf l
nn
δεθ  and ( ) 0,detinf >θxf , then 

( ) l
nn HCxf δεθ ∈− ,1 , where ( )θ,1 xf −  is an inverse matrix ( )θ,xf . 

 Proof. The structure of the matrix ( )θ,1 xf −  subject to that lH  ( )( )21−> ml  is 
a normed ring [8], admits to be restricted by the case 1=т . 
 Let ( ) lHCxf δεθ ∈,  and ( ) 0,inf >θxf , then for any mRyx ∈,  we have: 

( ) ( ) ( ) ( )
( )( ) ≤

⋅⋅
⋅−⋅

=⋅−⋅ −−

l
l H

H yxf
yfxfyfxf

,,
,,,, 11  

( ) ( ) ( )
llm HH

Rx
yfxfxf ⋅−⋅⎟

⎠
⎞

⎜
⎝
⎛ ⋅≤

∈
,,,sup

2

. 

 Dividing on ( )yx,δεϕ  passing to sup , from the last we get ( ) lHCxf δε∈⋅− ,1 . 
 The symbol of the operator A  we call the matrix  

( ) ( ){ }θθ ,, xx
ijAA Φ=Φ , 

where ( )nji
ijA ,1, =Φ  are symbols of the operators 

ijfijij SJaA += . 

 As in scalar case  
( ) ( ) ( )( ) yxrrxfxax m

A −=⋅+=Φ − ,,, Fθ , 
where F  is a Fourier transformation multiplied by the unique matrix. The last shows that 
the symbol is determined locally, i.e. at every fixed x  (see [4]). 

 Theorem 4. ⎟
⎠
⎞

⎜
⎝
⎛ >∈Φ

2
, mlHC l

nn
A δε  iff ( ) ( )

2

,, ml

nnnn HCxfCxa
−

∈∈ δεδε θ  and at 

this  
( ) ( ) ( )fKcaKfKc nn

ml
A

nn
l

nn
ml δε

δε
δε ⎟

⎠
⎞

⎜
⎝
⎛ −⎟

⎠
⎞

⎜
⎝
⎛ −

≤−Φ≤
2

2
2

1 , 

where the constants 21 , cc  don’t depend on aA ,Φ  and f . 
 The theorem is proved as in case 1=n  (see [7]). 
 Remark 2. By means of this theorem it is particularly proved that if 
homogeneous zero degree by second argument of the function ( )θ,xϕ  belongs to l

nnHCδε , 
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⎟
⎠
⎞

⎜
⎝
⎛ >

2
ml  then there exists ( ) nnCxb δε∈  and ( )

2

, ml

nn HCxg
−

∈ δεθ  such that ( )∫ =
S

Sdxg 0, θθ , 

mRx∈∀  and the operator symbol gSbJR +=  equals ( )θ,xϕ . 
  

The construction of two sided regularizer. 
 Theorem 5. Let the conditions (1) ( ) nnCxa δε∈  and ( )

100, l
nn

l
nn HCHCxf Iδεθ ∈  be 

fulfilled where ( ) µµνδν +−><<< 21,1, ml . If  
                                                          ( ) 0,detinf >Φ θxA ,                                               (2) 

then the matrix SI operator A  admits the two sided regularization in ν
αβ
nH . 

 Proof. Let gSRbJ +  be an operator, whose symbol is equal to ( )θ,1 xA
−Φ . By 

virtue of remark 2 ( )
100,, l

nn
l

nnnn HCHCxgCb Iδεδε θ ∈∈  and ( ) 0, =∫
S

Sdxg θθ . 

 Let’s suppose for every mRz∈  
( ) ( ) ( ) ( ) ( )dyyuyxzfxuzaxuA m

R
z

m

−−+ ∫ θ,: a . 

 Analogously we determine zR . 
 By virtue of the condition (2) zA  and zR  mutually inverse operators in nL2  (see 
[6]), i.e.  

JARRA zzzz == . 
 The equality holds in pL  and ( ) ( )pp WpL ∈∞<< ωω ,1 . Besides, ν

αβ
nHu∈∀  

and Γ∈ \mRz  
( )( ) ( )( ) ( )( ) ( )( )zuRzuRzuAzuA zz == , . 

For Γ∈ \mRz  we get 
( )( ) ( )( ) ( )( )[ ]( ) ( )( ) ( )[ ]( ) ( ) RAzzzzzzz TzuzuARzuARzuAAARzAuRzRA +=+=−+== , 

where LaLKRA CT += ; 

 ( )( ) ( ) ( ) ( )( ) ( ) dxdyyuyxzKyxxKxzzLzuCuC
mm RR

def

LKLK
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−−−−= ∫∫ ,,,: a ; 

( )( ) ( ) ( ) ( )[ ] ( )dxxuzaxaxzzLzuDuD
mR

def

LaLa ∫ −−= ,: a ; 

( ) ( ) ( ) ( ) mm yxxgyxxLyxxfyxxK −− −=−−=− θθ ,,,,, . 
 Analogously 

KbKLARAR DCTTJAR +=+= , . 
 Thus R  is two sided regularizer of A  in ( )Γ\mn RH ν

αβ  if in this space the 

operators RAT  and ART  are completely continuous that is proved by means of 
corresponding results from [1], [2]. 
 Remark 3. If all the conditions of theorem 5 are fulfilled relative to a  and f , 
then the operator R  is a two sided regularizer A  and in the spaces n

pL  and in ( )ωn
pL  

( )pWp ∈∞<< ω,1 . The case of the space ( )ωn
pL  is considered in [10]. 
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 By that, it is proved that the matrix SI operator A  is normally solvable and has a 
finite index (i.e. nöthers) in the spaces n

pL  and ( ) ( )p
n
p WpL ∈∞<< ωω ,1  and ν

αβ
nH  if the 

conditions of theorem 5 are fulfilled. 
 

On the index of the operator A . 
 Let { }21, BB  be an interpolation pair of B  spaces 1B  and 2B . As is known (see 
[9]) the space 21 BB I  with the norm 

{ }
21

,max BB aaa =  

and the space 21 BB +  with the norm 
{ }

212121
inf BBaaaBB aaa +=

+=+
 

are Banach spaces. 
 Insignificant revision of theorem 10.6 from [7] leads to the proof of the following 
theorem. 
 Theorem 6. Let { }21, BB  be an interpolation pair of B  spaces, 21 BB I  densely 
in RABB ,,21 +  are bounded in 1B  and JRAB −,2  and JAR −  are completely 
continuous in 1B  and 2B , then 

( ) ( )2211 BBAIndBBAInd →=→ . 
 Allowing for remark 3 and applying theorem 6 for the pair ( )( )ωn

p
n LL ,2  and 

( )( )ν
αβω nn

p HL ,  we get: 
 Theorem 7. Let all the conditions of theorem 5 be fulfilled then 

( ) ( )nnnn LLAIndHHAInd 22 →=→ ν
αβ

ν
αβ . 
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