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WEIGHTED IMBEDDING THEOREMS FOR ANISOTROPIC SOBOLEV
SPACES

Abstract

In this paper the weight effects for integral operators arises on the basis of the
integral representation of II’in-Besov (see [1]) for domains Q, ,0<k <n-1, which
considered in [2] and weighted imbedding theorems in anisotropic Sobolev space
Wb (€, ) are obtained. These weight effects for domain Q, , was proved in [3].

Let R, —n- dimensional Euclidean space of points X:(Xl,...,xn ),X:(X',X"),
X' eR¥, x"eR"  R" ={x:x=(xl,...,xn)e R",% >0,i :1,...,n}, a=(a,,. ,an), a, >0,
l/a

|a|=zn:ai ,N,=NU {0}, N the set of natural number, |, ve N and p( |X |
i1

Assume that B
Q, Z{X:XERn X< x <oo,i=1,. ,n},
Q, ={x:x e R, g;(x)< % <ooli =k +1....n)}, k=1, (1)
I, = {X:Xe R",x, = xi( )i :1,...,n},
I, = {x: X e R¥, x" :6(x')}, k=1,..n—1,
where the vector-function  G(X')= (@, (X )., 0, (X)), k =1,..,n =1 satisfies an
anisotropic Holder condition

P@KX)-9(y)<M p(x' -y'), vx',y'eR,
p(x,T,)= p(x - X(O)), p(x,T, )= )llléllf p(x=y),k=1,..,n—1and x = (xfo),...,xﬁo)) be a

fixed pointin R". If x”) =(0,...,0), then Q, =R", .
Let @ be a measurable, almost every positive, non-negative and locally
summable in Q, function. Denote by L, , (Q, ) the set of all measurable function f(x)

on Q, such that norm

Ip
|f|| [ﬂfx]p x)dx} , I<p<ow

is finite.
Let b=(bl,...,bn),C=(Cl,...,Cn), where 0<b, <c; <o, and i=1,..,n. The set

R(/a)={y:y, >0.b,h<y’* <gh (i=1,...n),0<h<oo} is called 1/a horn (see [1]).
Lemma 1 [2]. The domains Q, , k =0,1,...,n—1, satisfies 1/a-horn condition, i.e.
there exists R(I/a) such that
Q, +R(l/a)=
We put
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(%)

no(x)zp(x—xo), k=0.

Lemma 2 [2]. Suppose that Q, has the form (1). Then p(x,T}) is equivalent to
7. (x) for all xeQ, more precisely,

3C, >0, ¥xeQ, Com(x)<plxT )<z (%)

Let K, be a given on R, \{0} function such that supp K,  R(l/a) and having
the following properties:
a) K,(x)= p(x)a_‘a‘ for 0<a <
b) if =0, then K, satisfies the following conditions

(pi(x’]l/ai , k=1L..,n—-1,

Il
j)
—~~

><§
S
—

><‘
=

Il

=
|

K, (t2x) =t 2K (x jK Zalxzda ij —<oo

Xx—y|<t}, S, =SNQy,k=0l..,n—1, S=

where oy (t)= sup{IKO(X) -K, y)|, X,yesS,,
={x:p(x)=1} and do is area element.
Consider the integral operator K, : f — K f , where

K,f=[K,(y)f(x+yldy. suppK, =R(l/a).
Rn

The weight @ is said to belong to Ap (Qk ), k=0l,..,n-1,1<p<oo,if

p-1
1-p’
sup wlX w(x) " dx <00,
o Jtow g Jotir 7

P

where the supremum is taken over all balls B R", and p'= rh

p_

al
U, l—l:g. Suppose that the function
a p qQ

o

0cA ().
o
Then there exists a positive constant C such that for any f e Lp,(p(R”) the

following inequalities

q l/q

a I/p
[ 1K, f o |(x) o(x)dx sc[gy(f(x)]p(p(x)de :

Q

If =0, then assume that, the kernel of anisotropic singular integral operator (ASIO)
K, satisfies the condition b).

Note that, if Q, =R", then for 0<a < |a| the theorem 1 in the isotropic case was
proved in [4] and in the anisotropic case in [5], but also for ¢ =0 in the isotropic case
was proved in [6], and in the anisotropic case in [7]. In the case of for all domains €, the
prove of theorem 1 lead analogously.
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Theorem 2. Let 1< p<q<o, 0<a<|a

,a=|a|(l—lj and pe A (Q,) the
p q I+
p
radial function depend on p(x,I, ) (i.e. @(x)=o(p(x,T}))). Suppose that u and u, are
the positive monotone function on (0,c).
Suppose that the weight pair of radial function (w(t), o,(t)) satisfies the
conditions 1) or 2):

1) o and w, =u,e are weights defined on (0,0)
ap
3C >0, Vte(0,%), )" <Colt) o olt),
where u, is increasing function on (0,0);
2) w=up and o, =u,e are weights defined on @ =u¢ and
t/2 , p/a 0 ap 1-p’ o p-1
sup(J‘ , (r)ra_ler [J‘[(p(r)_aw(r)J z'_l_ap/qdr] <o,
>0\ o 0
where u and u, are decreasing function on (0,0) and o(p(x,T})) is equivalently to
(7 (x)).
Then if 1< p<q<w, then the operator f — K, f gives a bounded mapping
from L, ,,(Q,) to Ly, (Q,).ie
1/

o q I/p
J‘Ka[f-(paJ(x o,(p(x,T, ))dx SC(ﬂf(X]pa)(p(X,Fk))dXJ . @)

o Q
In the case a =0, assume that, the kernel of ASIO K, satisfies the b). In this
case the operator K, acts boundedly from L, (@) to L, ().
Proof of theorem 2. Let fel, p(X,Fk))(Qk) and suppose that the weight pair
(0(p(x.T})), @,(x,T}, ) satisfies condition 1) of theorem 2.
Without restriction of generality we may assume that the function u has the form

t
u,(t)= u1(0)+ Iw(t)dr, where u,(0)= 1in(}u1 (t) and w is non-negative on (O,oo) function.
0 —>

In fact there exists a sequence of absolutely continuous functions U, such that
u,(t)<u(t) and limu,(t)=u(t) for any t €(0,00). For such functions we may take U, =
n—o0

A o)+nﬂu(f)_u(f_%ﬂdr.

Estimate the left-hand side of inequality (2):
I/q
q

Ka[f‘@zl <|u (0)f Ka[f-cpz}(x o(p(x.T)dx |+
Lgo (QK)

Q



88

xs10splspu
[Guliev V.S., Bandaliev R.A.]

q l/q
{f @J )Mp(jf} dTJ (o ax | = A +A, .

If u,(0)=0, then A =0. However if u,(0)#0, then by theorem 1 and also by
condition theorem 2 we have

1/p P Ip
A <Cud( )[ﬂf XJ scl[gyf(x)ﬁ(p( Ju (p(x,TK))dx } <
<C [ﬂf (p(x,Tk))dx Jl/p.

Q

A3zspbaiixxan MEA-HbIH

K

Q

Estimate A,. It is not hard to prove that ﬁk(y)>72'k (X) for xeQ, and

yeR(/a), k=0,l,,...n—1. If use the fact that K_(x) is zero outside the horn R(l/a),
then in view of the condition 1), theorem 1 and lemma 2, we obtain

3 P 1/q
Ka[f -@a](X)

JKa<yx)f(y)(pZ(y* o

dx| =

0 e (x)>z/c|m (y)my (x)

T 1a
= Ju@dr [ | [K(y=x)f(y)o™(y dX} <
0 m (xpr/c|m (y)e/c
" o/p Y0 o () oig VP
<C{|‘y/(2')dr[ H f(xlpcp(x)dx] ] <C[I |f(xlp(p(x J.l//(r)er dx} <
0 m(x)>7/c Q 0

1/p /p
sCLﬂf(x]p(p(x)ul(c;rk(x))p/qu} <C[j|f (x)° o(x)u, (o(x, I“k))”/qu} <

Q

<c[;| P ol e J/

The first part of theorem 2 is proved.

We now consider the case weight pair (w,e, ) satisfies the condition 2).

Let u, be an arbitrary positive decreasing on (O,oo) and let us extend the function
u, on the left of zero by u,(e0). Consider the sequence of functions

8,(6)=0,(0)+ [y, (c)dz
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where w,(z)=n [u1 (r)-u,(c + l/n)]. Since U, decreases we have yn(z)>0. On the other
hand,

t+1/n

9.(t)=n jul(r)dr ,

t

and thus &, (t)<u,(t) and lim 4, (t)=u,(t) a.e. t >0. Consequently
n—oo

tim 8, (.1 )=ty (p(x T, )
for almost X €Q, (see [3, 10]).

Without restriction of generality we may assume that the function u, has the
form

u, (t)=u, (o) + IW(T)dT )
t
where ul(oo)ztlim u,(t) and y is positive on (0,o0) function.

In [8, lemma 3] (for 1< p=q <o see[9, lemma 2.5]), if b>1, then there exists a
positive constant C such that for an arbitrary t >0 the inequality

2t
I = |<cult 3
u(ﬁ] cu(t) 3)

holds, where ¢ depend only on |a| and f.
We have
<| |

. q .
Ka[f-(pa] K [f [0) }(X*u(w)cp() +
Lg.on(p(xm)) (%) .

N 1
Ka[f ol }(x){ (p(X{ | y/(tbtde =B, +B,.
o(65)

If u,(:0)=0, then B, =0. However if u(cc)> 0, then by theorem 1 we obtain
1

+

Q

B, <Cu )[ﬂfx)r’ x)dx]ps {.ﬂfx]p (8 (ol T, o }

Using the inequality (3) we get

B, sc[ [1f X (ol ))dxjp .

Q
Ka[f‘@

Now estimate B,

}(x* o(x)dx dr| <

|

B, = TW(T I i

p(x,l"k )<T
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q q
<) | o) [K(y-x)f(y)el (ydy| dx dz| +
L S P
q q
+ jW(T I (%) _[Ka(y—x)f(y)(p‘a‘(y)dy dx dz | =B, +By.
L T P

BZISCIV/(T [ [f6)Pel)ax | dt| <

PUTRT (e e
Co

<C J|f(x)|p(p(x ([t//(r)dr dx
Qk COP Xsrk)
2

Using again the inequality (3) we get

B, < C[ [1f (s @(p(x.I; ))ijp .

Q
Now estimate B,, . Since ¢(p(x,T )~ ¢(7z, (x)), then
q Y

a

© f lal
B,,<C Il//(f)dl’ I(p(x I Mdy dx
0 p(eTkr | ply p2e/e, PX = y)

_ [IW(T)AQ (c)d T]Vq .

Further by virtue of lemma 2 we have
q

a

&l (7
AY(7)< J(p(”k(x) I |f(y)o (ak(ay))dy dx =
ke | mp2e plX=Y)

= ] cp(cp(x” = (< ))x [ dx’( Jay'

p(X=o(x))r/c
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q

1), 0 (oly ~5(y)

ply—o(y)p2e ,D(X - y)‘a‘_a

X

It is easy to show that

Pl = &' +o(n')- £ =)= Coln - £). (4)
Indeed,
pn—¢&)=pln' =&)+ p(n" - & -9+

&)+ 0(&)+ () -o(E)<
< plr = &)+ 2% (p(n" = & =)+ B(&) + p(oln) - 9(£)) <
(

1 1

< pliy = &)+ 2% p(n” —&" =)+ B(£) + 2% Mply &)<

< (1 + Za% M J[p(n' =&+ pl" =& -00)+ (&)=

1
:{1 + 2% M Jp(ﬁ' —& " =& =)+ 9(&),

where a. = min @;.
min k+1<|<n
" 14

Making the substitution 7'=y’', £ =x", and &"=x"- (p(X'), n'=y" - (p(y’) and
applying the generalized Minkowski inequality we get

Alr)<C J(p ") d?]"jdf' Idn"x
p(&")z/c R pln" )27

q Ve

o

[t (7" + 9o ™ (p(n")
P& =1 &= 0(& )"+l )

IA

X
D

1/q

a
<C| [ o )[ Jcp B )" | dg” |

>21

where

Vg
B(&”.n") [f[ﬂ 70"+ 6|l - &) adn] d§’] :

Rk

Applying the Young’s inequality with L 1 + 1 1 we get
qa p r

1/r
(;;ﬂ 77” [“f 77! 77"+(p ))|pd77J {J'p 77! 77” é ) n!J =
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1/r
— !r {J’p 77/ 77!! 5!! ‘ dUJ :Cfl(n”)x

1/r
]
X{ +p 77 gn)) adnJ <C fl(nn)p(nn_én) T
Rk

For p(£")<7 and p(n")> 2z it follows p(&"—7")> % p(n"). Therefore we have

A(T)S
q /g
<Cl Jolpl¢ )[ f(P ") fl(n")dn’} d&"| <
p(&" )</ pli' 27
1/q

| Jotae) )da][ o ol Dol 171 ) ,7"] :
(¢"kr/c 2r
SC(TJ/_ ( aldtJJ-S a|/r+a \1 % [ ( g’”)d J

0

where S" ¥ = {X X" eR™*; p(x")= 1}.
Consequently,

a

B,, <C{TV/(T/2{T/J%C olt)t 2’ ldtJ[Ita/n ol

(s)x

0

q 1/
x( [ fl(ta"g”)dcr(g”)JdtJ dz

Besides, we have

W[ )[f/f Saldstrgf {ffq,(s)sarrldstT:

0

t/2 ) " " "
- { 9ls)s" l[ ] V/(f)df] < { 0, (s)o(s)sds = [ e, (s)s"ds .

cs 0

Therefore

o) oo (oo evemae]

_ {ja) (T),w—lde p/q[ j(@(f)-";” a)()j pquf]p_l <o,

0 t/c

Take into account the last inequality and theorem 1.7 from [3], we have
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|:Jl/1 T/Z{T/ch (t)tanldt][T5a"/Ha"1(pZ (5)><

T

1/q

q
x[ jfl(aa"g")da(g")}da] dr| <
S
. lalo . P Jale v
<c[ft e _l)p( Ifl(ta"é’”)da(é’”)] w(t)t”(alxpl)dtJ _
S

l/p l/p

—C{It“[ [hlo%¢"hols J t)dtJ sc{ [ 1Y ololron | =

Snkl

/p

IA

1/p
[f [I£@n" + o))z olo (n”))dn”dn’J =C[ [1£(y)" @(z,(y))dy

RnkRk

/p
[ [1f(y) @(p(y.I ))dyJ -

The theorem is proved.
From this theorem the following corollaries imply.

Corollary 1. Let I<p<g<ow and a= |a|£———} Then the operator

f > K, f acts boundedly from Lp’p(x’rk)ﬂ(Qk) L, o )qﬁ/p( . ) for any #>0 and

k=0,,2,.,n—1.
In the case l<p=Qg<w, the ASIO f —>K,f acts boundedly from
LP,P(X,rk Y (Qk ) to I_P»,D(X:rk)/f (Qk ) '
1

Corollary 2. Let 1<p<g<ow and a=|a|(l——J. Then the operator
P qQ

f > K, f acts boundedly from ijexp(p(xjrk)ﬁ)(Qk) to Lq,exp(p(x,rk)/’)(Qk) for any >0

and k=0,1,2,...,n—1.
In the case l<p=Qg<ow, the ASIO f —>K,f acts boundedly from

Lp,exp( (XF )ﬂ)(Qk) to Lp exp( (Xl' )ﬁ)(Qk)

Corollary 3. Let 1<p<g<w and a= |a|[——lj Then for any increasing
P qQ
radial function w(x) the operator f —K,f acts boundedly from L, .)€ ) to
Lq,w(ﬁ’(x’rk ik (Qk ) '

In the case l<p=q<owo the ASIO f —>K,f acts boundedly from
Lot ) () 10 Lot (Q)-
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The weight anisotropic space Sobolev W!= o, (Qk) is defined as the

@y,
collection of all function f(x)eL™(Q,), xeR", havmg the generalized derivatives

D" f with the finite norm

[haee 0=l

P.©() @] ....000 p.oo

n
+Y|Df f“
(@) IZ:;H Pl (@)
where |; non-negative integers and 1< p<co.
We give an integral representation of Il’in-Besov in terms of generalized

derivatives of function in R( ) (see [1]):

f(x)=f.( ZIU a‘dujD fx+y)CI>(yh )dy, xeQ,,

i=1l o R"

where & =1/l;, i=1..,n and f .(x) h_‘a‘ fq)o(yh’a)f(XJr yMy is the average of f
Rn

and _[<D dX—l The smooth compactly supported kernels @, eC; (R“) are

concentrated in an arbitrary previously specified cube in the first coordinate angle and are
such that

ch X)dx=0, i=1..,n.

By virtue of this integral representation we prove the following imbedding
theorems.
Theorem 3. Let a=I/, I<p<q<ewo, ==(+1/p-1/g,1/1)<1 and
&=(v1/1)=1, where v=(v,,..,v,), and v; are non-negative integer number. Suppose
that the weight pairs (a) ; ) j=0,1,...,n, satisfy the conditions of theorem 2.
Then the continuous imbedding

DWW, i (o) ) Lot ) ()

is valid.
Further, the inequality

holds, with a constant C is independent of f.

Sy

[:B wo ..... wn

(@)

Proof of theorem 3. Applying the differentiation operation D" to equality
noh
f, (x)= f. (x)+> 4 _[S‘A‘d 9 _[ L, (19’1 y)DiIi f(x+y)y
i=1 R"

&

and theorem 2, we get

h
[ d g [ (9 y D! £ (x+ y)ay

& Q

<c|p f

Lp,wl (Qk)
Lp,w (Qk)

Besides,
s,

SsClfl,

Lp.w p, wo

Thus, combining the estimates we obtain
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“DV f,

5O gt o

Lp,w pag o]

To conclude the proof of the theorem two facts are established: first, it is proved that
D"f , converges to some element of L, , (Q,) for £ —0, second, it is proved that this
limit element is the generalized derivative D"f of the function f to which the f,
converge for € > 0.

For the proved of converges D" f , to some element of L, , (@) for £ >0, it

is proved that the sequence {DV f. } is fundamental at norm L, Q).
We have

“val_va 2
£ 7

n 77
- li
@) SCE!U du||Mi||Lm(Qk) D, f“prw(Qk) <

<Cn'™|D/

Lp,mi (Qk) ’
where O0<e<1.

Then by theorem Lebesgue we conclude that the sequence {D" fgﬂ-} is Cauchy
sequence.

Hence in view of the fact that the space L, (Q,) is complete, then D" f.

converges to some element g of L, (Q,) for £ > 0. By the definition of generalized

derivative in the sense of Sobolev at each a fixed & for arbitrary function w eC; (€, )
the equality

ij/f Jdx = ”‘jy/Df dx

holds.
Taking into account, that f eL*(Q,) and mean f,—f in LP(Q) and

passing to the limit for £ —» 0 we give:
j D"y f(x)dx = V‘ Jy/

from that imply the limit element g of the sequence {D fgi} is generalized derivative

D" f function f .
The theorem is proved.
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