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GULIEV V.S., BANDALIEV R.A. 
 

WEIGHTED IMBEDDING THEOREMS FOR ANISOTROPIC SOBOLEV 
SPACES 

 
Abstract 

 
 In this paper the weight effects for integral operators arises on the basis of the 
integral representation of Il’in-Besov (see [1]) for domains 10, −≤≤Ω nkk , which 
considered in [2] and weighted imbedding theorems in anisotropic Sobolev space 

( )k
ll n

n
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,...,,
1

10 ωωω  are obtained. These weight effects for domain 1−Ωn   was proved in [3]. 
 
 Let  nRn − - dimensional Euclidean space of points ( ) ( )xxxxxx n ′′′== ,,,...,1 , 
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=
=

n

i

a
i

ixx
1

1ρ . 

 Assume that 
( ){ }nixxRxx ii

n ,...,1,,: 0
0 =∞<<∈=Ω , 

                     ( ) ( ){ } 1,...,1,,...,1,: −=+=∞<<′ϕ∈′=Ω nknkixxRxx ii
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k ,               (1) 
( ){ }nixxRxx ii

n ,...,1,,: 0
0 ==∈=Γ , 

                                       ( ){ } 1,...,1,,: −=′ϕ=′′∈′=Γ nkxxRxx k
k ,                              

where the vector-function ( ) ( ) ( )( ) 1,...,1,,...,1 −=′ϕ′ϕ=′ϕ + nkxxx nk  satisfies an 
anisotropic Hölder condition 

( ) ( )( ) ( ) kRyxyxMyx ∈′′∀′−′≤′ϕ−′ϕ ,,ρρ , 
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kyk ρρρρ  and ( ) ( ) ( )( )00

1
0 ,..., nxxx =  be a 

fixed point in nR . If ( ) ( )0,...,00 =x , then nR ++=Ω0 . 
 Let ω  be a measurable, almost every positive, non-negative and locally 
summable in kΩ  function. Denote by ( )kpL Ωω,  the set of all measurable function ( )xf  

on kΩ  such that norm 
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is finite. 
 Let ( ) ( )nn cccbbb ,...,,,..., 11 == , where ∞<<< ii cb0 , and ni ,...,1= . The set 
( ) ( ){ }∞<<=<<>= hnihcyhbyyaR i

a
iii

i 0,,...,1,0:1 1  is called a1  horn (see [1]). 
 Lemma 1 [2]. The domains 1,...,1,0, −=Ω nkk , satisfies a1 -horn condition, i.e. 
there exists ( )aR 1  such that 

( ) kk aR Ω=+Ω 1 . 
We put 
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( ) ( )( ) ( ) 1,...,1,
1

1 −=′ϕ−=′ϕ−′′= ∑
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a
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iρπ ,

( ) ( ) 0,0
0 =−= kxxx ρπ . 

 Lemma 2 [2].  Suppose that kΩ  has the form (1). Then ( )kx Γ,ρ  is equivalent to 
( )xkπ  for all kx Ω∈  more precisely, 

( ) ( ) ( )xxxCxC kkk πρπ ≤Γ≤Ω∈∀>∃ ,,,0 00 . 
 Let αK  be a given on { }0\nR  function such that ( )aRK 1supp ⊂α  and having 
the following properties: 
a) ( ) ( ) aaxxK −= ρα  for a<<α0 ; 
b) if 0=α , then 0K  satisfies the following conditions 
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where ( ) ( ) ( ){ } 1,...,1,0,,,,;sup 000
−=Ω=≤−∈−= nkSStyxSyxyKxKt kkkK Iω , =S  

( ){ }1: == xx ρ   and σd  is area element. 
 Consider the integral operator fKfK αα →: , where 

( ) ( ) ( )aRKdyyxfyKfK
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 The weight ω  is said to belong to ( ) ∞<<−=Ω pnkA kp 1,1,...,1,0, , if 
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where the supremum is taken over all balls nRB ⊂ , and 
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 Then there exists a positive constant C  such that for any ( )n
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following inequalities 
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If 0=α , then assume that, the kernel of anisotropic singular integral operator (ASIO) 
0K  satisfies the condition b). 

 Note that, if n
k R=Ω , then for a<<α0  the theorem 1 in the isotropic case was 

proved in [4] and in the anisotropic case in [5], but also for 0=α  in the isotropic case 
was proved in [6], and in the anisotropic case in [7]. In the case of for all domains kΩ  the 
prove of theorem 1 lead analogously. 
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radial function depend on ( )kx Γ,ρ  (i.e. ( ) ( )( )kxx Γϕ=ϕ ,ρ ). Suppose that u  and 1u  are 
the positive monotone function on ( )∞,0 . 
 Suppose that the weight pair of radial function ( ) ( )( )tt 1,ωω  satisfies the 
conditions 1) or 2): 

1) ω  and ϕ= 11 uω  are weights defined on ( )∞,0  
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α
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where 1u  is increasing function on ( )∞,0 ; 
2) ϕ= uω  and ϕ= 11 uω  are weights defined on ϕ= uω  and 
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where u  and 1u  are decreasing function on ( )∞,0  and ( )( )kx Γϕ ,ρ  is equivalently to 
( )( )xkπϕ . 

 Then if ∞<<< qp1 , then the operator fKf α→  gives a bounded mapping 
from ( )kpL Ωω,  to ( )kqL Ω

1,ω , i.e. 
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 In the case 0=α , assume that, the kernel of ASIO 0K  satisfies the b). In this 
case the operator 0K  acts boundedly from ( )kpL Ωω,  to ( )kpL Ω

1,ω . 
 Proof of theorem 2. Let ( )( )( )kxp k

Lf Ω∈ Γ,, ρω  and suppose that the weight pair 
( )( ) ( )( )kk xx ΓΓ ,,, 1ωρω  satisfies condition 1) of theorem 2. 

 Without restriction of generality we may assume that the function u  has the form 
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11 0 τψ , where ( ) ( )tuu
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In fact there exists a sequence of absolutely continuous functions nu  such that 
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 Estimate the left-hand side of inequality (2): 
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 If ( ) 001 =u , then 01 =A . However if ( ) 001 ≠u , then by theorem 1 and also by 
condition theorem 2 we have 
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 Estimate 2A . It is not hard to prove that ( ) ( )xy kk ππ >  for kx Ω∈  and 
( ) 1,...,,1,0,1 −=∈ nkaRy . If use the fact that ( )xKα  is zero outside the horn ( )aR 1 , 

then in view of the condition 1), theorem 1 and lemma 2, we obtain 
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 The first part of theorem 2 is proved. 
 We now consider the case weight pair ( )1,ωω  satisfies the condition 2). 
 Let 1u  be an arbitrary positive decreasing on ( )∞,0  and let us extend the function 

1u  on the left of zero by ( )∞1u . Consider the sequence of functions 

( ) ( ) ( )∫
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+∞=
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nn dut ττψϑ 1 , 
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where ( ) ( ) ( )[ ]nuunn 111 +−= τττψ . Since 1u  decreases we have ( ) 0≥τψn . On the other 
hand, 

( ) ( )∫
+

=
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t
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and thus ( ) ( )tutn 1≤ϑ  and ( ) ( )tutnn 1lim =
∞→
ϑ  a.e. 0>t . Consequently 

( )( ) ( )( )kknn
xux Γ=Γ
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for almost kx Ω∈  (see [3, 10]). 
 Without restriction of generality we may assume that the function 1u  has the 
form 
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+∞=
t
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where ( ) ( )tuu
t 11 lim

+∞→
=∞  and ψ  is positive on ( )∞,0  function. 

 In [8, lemma 3] (for ∞<=< qp1  see[9, lemma 2.5]), if 1≥b , then there exists a 
positive constant c  such that for an arbitrary 0>t  the inequality 
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If ( ) 01 =∞u , then 01 =B . However if ( ) 0>∞u , then by theorem 1 we obtain 
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 By theorem 1 and by the generalized Minkowski inequality we get 

( ) ( )
( )

( )
( )

≤

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

ϕ≤ ∫ ∫ ∫
∞

<Γ <Γ

q
p
q

x
C

x

p tddxxxfCB
k

k

1

0 , 2,

21

0

τρ τρ

τψ  

( ) ( ) ( )
( )

p
q
p

xC

p dxdxxfC
kk

1

2
,0

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ϕ≤ ∫∫
ΓΩ

ττψ
ρ

. 

 Using again the inequality (3) we get 
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( ) ( )( )( )
( )( )( )

q

yy
a

a
B

yx

yyyf

⎟
⎟
⎟
⎟

⎠

⎞

−

′ϕ−′′ϕ
× ∫

>′ϕ−′′
−

τρ
α

α

ρ

ρ

2

. 

It is easy to show that 
                                   ( ) ( )( ) ( )ξηρξξηηξηρ −≥′ϕ−′′−′ϕ+′′′−′ C, .                             (4)                  
Indeed, 

( ) ( ) ( ) ( ) ( ) ( ) ( )( )≤′ϕ−′ϕ+′ϕ+′ϕ+′ϕ−′′−′′+′−′=− ξηξξηξηρξηρξηρ  

( ) ( ) ( )( ) ( ) ( )( )( )≤′ϕ−′ϕ+′ϕ+′ϕ−′′−′′+′−′≤ ′′ ξηρξηξηρξηρ min

1

2 a  

( ) ( ) ( )( ) ( )≤′−′+′ϕ+′ϕ−′′−′′+′−′≤ ′′′′ ξηρξηξηρξηρ Maa minmin

11

22  

( ) ( ) ( )( )[ ]=′ϕ+′ϕ−′′−′′+′−′⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+≤ ′′ ξηξηρξηρMamin

1

21  

( ) ( )( )ξηξηξηρ ′ϕ+′ϕ−′′−′′′−′⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+= ′′ ,21 min

1

Ma , 

where inik
aa

≤≤+
=′′

1min min . 

 Making the substitution xy ′=′′=′ ξη , , and ( ) ( )yyxx ′ϕ−′′=′′′ϕ−′′=′′ ηξ ,  and 
applying the generalized Minkowski inequality we get 

( ) ( )( )
( ) ( )⎢

⎢
⎢

⎣

⎡

⎜
⎜
⎜

⎝

⎛
×′′′′′′′ϕ≤ ∫∫∫

>′′<′′ τηρτξρ

ηξηξρτ
2

dddCA
kRc

 

( )( ) ( )( )
( ) ( )( )

≤

⎥
⎥
⎥
⎥

⎦

⎤

⎟
⎟
⎟
⎟

⎠

⎞

′ϕ+′′−′ϕ−′′′−′

′′ϕ′ϕ+′′′
× ∫ −

qq

R
a

a

k

f

1

,

,
α

α

ηηξξηξρ

ηρηηη
 

( )( ) ( )( ) ( )
( )( )

qq

a ddBC

1

2

,
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
′′⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
′′′′′′′′ϕ′′ϕ≤ ∫ ∫

<′′ >′′τξρ τηρ

α

ξηηξηρξρ , 

where 

( ) ( )( ) ( )
q

R

q

R

a

k k

ddfB

1

,,
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
′⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
′−′ϕ+′′′=′′′′ ∫ ∫ − ξηξηρηηηηξ α . 

Applying the Young’s inequality with 1111
−+=

rpq
 we get 

( ) ( )( ) ( )( )
r

R

ra
p

R

p

kk

ddfB
11

,,, ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
′′′−′′′⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
′′ϕ+′′′≤′′′′ ∫∫ − ηξηηρηηηηηξ α  = 
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( ) ( ) ( )×′′=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
′′′−′′′′′=

−

∫ ηηξηηρη 1

1

1 , Cfdf
r

a

Rk

 

( ) ( )( ) ( ) ( ) r
a

r

R

a fCd
k

′′
−− ′′−′′′′≤⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
′′′−′′+′× ∫ ξηρηηξηρηρ 1

1

. 

 For ( ) τξρ <′′  and ( ) τηρ 2>′′  it follows ( ) ( )ηρηξρ ′′>′′−′′
2
1 . Therefore we have 

( )≤τA  

( )( )
( )

( )( ) ( )
( )

( ) ≤
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
′′⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
′′′′′′−′′′′ϕ′′ϕ≤ ∫∫

>′′

′′−

<′′

qq

raa

c

ddfC

1

1
2

ξηηηξρηρξρ
τηρ

α

τξρ

 

( )( )
( )

( )( ) ( )
( )

( ) ≤
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
′′′′′′′′ϕ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
′′′′ϕ≤ ∫∫

>′′

′′−

<′′

qq

raa

c

dfdC

1

1
2

ηηηρηρξξρ
τηρ

α

τξρ

 

( ) ( ) ( ) ( ) dsdtfssdtttC
hnS

aaara
c

a

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
′′′′ϕ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
ϕ≤ ∫∫∫

−
++

′′
∞

−′′+′′−−′′ ζσζ
α

τ

τ

1
2

1

0

1 , 

where ( ){ }1;:1 =′′∈′′′′= −
++

−−
++ xRxxS knkn ρ . 

 Consequently, 

( ) ( ) ( )×
⎢
⎢

⎣

⎡

⎜
⎜

⎝

⎛
ϕ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
ϕ≤ ∫∫∫

∞
−′′+′′−−′′

∞

stdtttCB aara
c

a
α

τ

τ

τψ 1
2

0

1

0
22 2  

( ) ( )
qq

S

a ddtdtf
kn

1

1
1

⎥
⎥
⎥

⎦

⎤

⎟
⎟

⎠

⎞

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
′′′′× ∫

−−
++

′′ τζσζ . 

 Besides, we have 

( ) ( ) ( ) =⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
ϕ≤⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
ϕ⎟

⎠
⎞

⎜
⎝
⎛

∫ ∫∫∫ −′′−′′ τψττψ
ττ

ddssstddsss
t c

a
c

a
t 2

0 0

1
2

0

1

0 2
 

( ) ( ) ( ) ( ) ( )∫∫∫ ∫ −′′−′′−′′ =ϕ≤⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
ϕ=

2

0

1
1

2

0

1
1

2

0

2
1

t
a

t
a

t t

cs

a dsssdssssudss ωττψ . 

 Therefore 

( ) ( ) ( ) ≤⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ϕ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
ϕ⎟

⎠
⎞

⎜
⎝
⎛

−
∞

′′′−−
′−

−−′′ ∫∫∫
1

1
12

0

1

0 2

p

ct

qpa
p

a
p

qpc
a

t

dddsss τττωτττψ
ατ

 

( ) ( ) ( ) ∞<⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ϕ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

−

′′′−−
′−

−−′′ ∫∫
1

1
12

0

1
1

p
i

ct

qpa
p

a
p

qpt
a dd τττωττττω

α
. 

 Take into account the last inequality and theorem 1.7 from [3], we have 
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( ) ( ) ( )
⎢
⎢

⎣

⎡

⎜
⎜

⎝

⎛
×ϕ⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
ϕ ∫∫ ∫

∞
−′′+′′−

∞
−′′ δδτψ

α

τ

τ
aara

c
a dttt 1

0

2

0

12  

( ) ( ) ≤
⎥
⎥
⎥

⎦

⎤

⎟
⎟

⎠

⎞

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
′′′′× ∫

−−
++

′′

qq

S

a dddf
kn

1

1
1

τδζσζδ  

( ) ( ) ( ) ( ) ( )( )
=

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
′′′′≤

−−′′+
′′

−′′
∞ −′′+

′′
−

∫∫
−−

++

p

pa
r

pap

S

apa
r

pa

dtttdtftC
kn

1

11

1
0

1

1

ωζσζ  

( ) ( ) ( ) ( ) ( )( ) =
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
′′′′′′≤

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
′′′′= ∫∫∫

−
++

−−
++

′′
∞

−′′

p

R

p

pp

S

aa

knkn

dfCdttdftC
1

1

1

1
0

1

1

ηηρωηωζσζδ  

( )( ) ( )( ) ( ) ( )( ) ≤⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
′′′′′′ϕ+′′′= ∫∫ ∫

Ω−
++

p

k
p

p

R R

p
B

k
kn k

dyyyfCddf
11

, πωηηηρωηηη  

( ) ( )( )
p

k
p

k

dyyyf
1

, ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
Γ≤ ∫

Ω

ρω . 

 The theorem is proved. 
 From this theorem the following corollaries imply. 

 Corollary 1. Let ∞<<< qp1  and ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

qp
a 11α . Then the operator 

fKf α→  acts boundedly from ( ) ( )kxp k
L Ω

Γ βρ ,,
 to ( ) ( )kxq pq

k
L Ω

Γ βρ ,,
 for any 0>β  and 

1,...,2,1,0 −= nk . 
 In the case ∞<=< qp1 , the ASIO fKf 0→  acts boundedly from 

( ) ( )kxp k
L Ω

Γ βρ ,,
 to ( ) ( )kxp k

L Ω
Γ βρ ,,

. 

 Corollary 2. Let ∞<<< qp1  and ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

qp
a 11α . Then the operator 

fKf α→  acts boundedly from ( )( )( )kxp k
L Ω

Γ βρ ,exp,
 to ( )( )( )kxq k

L Ω
Γ βρ ,exp,

 for any 0>β  

and 1,...,2,1,0 −= nk . 
 In the case ∞<=< qp1 , the ASIO fKf 0→  acts boundedly from 

( )( )( )kxp k
L Ω

Γ βρ ,exp,
 to ( )( )( )kxp k

L Ω
Γ βρ ,exp,

. 

 Corollary 3. Let ∞<<< qp1  and ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

qp
a 11α . Then for any increasing 

radial function ( )xω  the operator fKf α→  acts boundedly from ( )( ) ( )kxp k
L ΩΓ,, ρω  to 

( )( ) ( )kxq pq
k

L Ω
Γ,, ρω

. 

 In the case ∞<=< qp1  the ASIO fKf 0→  acts boundedly from 

( )( )( )kxp k
L ΩΓ,, ρω  to ( )( ) ( )kxp k

L ΩΓ,, ρω . 
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 The weight anisotropic space Sobolev ( )k
ll

p
n

n
W Ω,..,

,...,,,
1

10 ωωω  is defined as the 

collection of all function ( ) ( ) n
k

loc RxLxf ∈Ω∈ ,1 , having the generalized derivatives 
fD il

i  with the finite norm 

( ) ( ) ( )∑
= ΩΩΩ

+=
n

i L

l
iLW

kip

i

kpk
nll

np
fDff

1 ,0,
,...,1

,...,1,0, ωωωωω
, 

where il  non-negative integers and ∞<≤ p1 . 
 We give an integral representation of Il’in-Besov in terms of generalized 
derivatives of function in ( )lR  (see [1]): 

( ) ( ) ( ) ( ) k
R

a
i

l
i

n

i

h
a

h xdyyhyxfDdxfxf
n

i
a Ω∈Φ++= ∫∑∫ −

=

− ,
1 0

υυ , 

where nila ii ,...,1,1 ==  and ( ) ( ) ( )dyyxfyhhxf
n

a

R

aa
h ∫ +Φ= −−

0  is the average of f  

and ( ) 10 =Φ∫
nR

dxx . The smooth compactly supported kernels ( )n
i RC∞∈Φ 0  are 

concentrated in an arbitrary previously specified cube in the first coordinate angle and are 
such that 

( ) nidxx
nR

i ,...,1,0 ==Φ∫ . 

 By virtue of this integral representation we prove the following imbedding 
theorems. 
 Theorem 3. Let ∞<≤<= qpla 1,1 , ( ) 11,11æ ≤−+= lqpν  and 

( ) 11,æ == lν , where ( )nννν ,...,1= , and iν  are non-negative integer number. Suppose 
that the weight pairs ( ) njj ,...,1,0, =ωω , satisfy the conditions of theorem 2. 
 Then the continuous imbedding 

( )( ) ( )( )( ) ( )( )( )kxqk
ll

xxp k
n

knk
LWD Ω⊂Ω ΓΓΓ ,,

,...,
,,...,,,

1

0 ρωρωρω
ν  

is valid. 
 Further, the inequality 

( ) ( )k
nll

npkq
WL

fCfD
ΩΩ

≤ ,...,1
,...,0,, ωωω

ν  

holds, with a constant C  is independent of f . 
 Proof of theorem 3. Applying the differentiation operation νD  to equality 

( ) ( ) ( ) ( )dyyxfDyLdxfxf
n

i

R

l
ii

hn

i
ih ∫∫∑ ++= −

=

λ

ε

λ
ε ϑϑϑλλλ

1
 

and theorem 2, we get 

( ) ( ) ( ) ( )
( )

( )kp

i

kp
k

i

L

l
i

L

l
i

k
i

h

fDCdyyxfDyLd
Ω

ΩΩ

−− ≤+∫∫
1,

,

,

ω

ω

λ

ε

λνλ ϑϑϑ . 

Besides, 

( ) ( )kpkp
LLh fCfD

ΩΩ
≤

0,, ωω
λ

ν . 

Thus, combining the estimates we obtain 
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( ) ( )k
nll

pkp
WL

fCfD
ΩΩ

≤ ,...,1
1,0, ωωω

λε
ν . 

To conclude the proof of the theorem two facts are established: first, it is proved that 
λε

ν fD  converges to some element of ( )kpL Ωω,  for 0→ε , second, it is proved that this 

limit element is the generalized derivative fDν  of the function f  to which the λεf  
converge for 0→ε . 
 For the proved of converges λε

ν fD  to some element of ( )kpL Ωω,  for 0→ε , it 

is proved that the sequence { }λε
ν fD  is fundamental at norm ( )kpL Ωω, . 

 We have 

( ) ( ) ( )
≤≤−

ΩΩ
=

−

Ω
∑∫

kp

i

kkp L

l
iLi

n

iL
fDMdCfDfD

ωωω
λλ

η

ε
η

ν
ε

ν υυ
,,1, 1

æ  

( )kip

i

L

l
i fDC

Ω

−≤
ω

η
,

æ1 , 

where ηε <<0 . 
 Then by theorem Lebesgue we conclude that the sequence { }λεν fD  is Cauchy 
sequence. 
 Hence in view of the fact that the space ( )kpL Ωω,  is complete, then λε

ν fD  
converges to some element g of ( )kpL Ωω,  for 0→ε . By the definition of generalized 

derivative in the sense of Sobolev at each a fixed ε  for arbitrary function ( )kC Ω∈ ∞
0ψ  

the equality 
( ) dxfDdxfD

nn RR
λλ ε

νν
ε

ν ψψ ∫∫ −= 1  

holds. 
 Taking into account, that ( )k

locLf Ω∈ 1  and mean ff →λε  in ( )k
locL Ω1  and 

passing to the limit for 0→ε  we give: 
( ) ( ) ( ) ( )dxxgxdxxfD

nn RR
∫∫ −= ψψ νν 1  

from that imply the limit element g  of the sequence { }λε
ν fD  is generalized derivative 

fDν  function f . 
 The theorem is proved. 
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