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THE INVERSE SCATTERING PROBLEM FOR A SYSTEM OF FIRST ORDER
DIFFERENTIAL EQUATIONS ON A SEMI-AXIS

Abstract

In the paper the inverse scattering problem on a semi-axis is studied, when one
incident wave exists. The unique restoration of the coefficients of equations by the
scattering matrix was shown when singular numbers are absent.

In the paper the problem of restoration of potential q(x):”ckj (XX‘: I of the

system of differential equations

—idy(;—)fx)+_§n;ckj(x)yj(x)=z§kyk(x), x20 (1)
j=1

on a semi-axis with parameter A by the scattering matrix is considered. It is assumed that
the coefficients of the equation satisfy the conditions (51 >0>&,>..> §n) and
Cu(x)=0, R, =[0,+), ¢,y (x)e (R, ). k, j=12,...n. )

The inverse scattering problem for a system of equations (1) at N=2 on a semi-
axis and whole axis were studied in papers [1-4], and n>3 (51 >&E >..> fn) in [5, 8].
The complete solution of general problem on the whole axis can be found in paper [9]. In
papers [10, 11] the case at n>3 (51 >.>& ,>0> §n) with n—1 incident waves and
with one incident wave at n=3(& >0>&, >&,) were studied. The direct scattering
problem on a semi-axis is considered in [12].

The scattering problem on a semi-axis in the case, when & >0>¢&, >...> &, by
multiplying the both sides of the equation on (— l) is reduced to the case
& >..>& ,>0>¢&  with one given scattering problem for the case
& >..>& ,>0>¢&, at joint consideration of n—1 problems with different boundary

conditions and at given reflected waves was investigated.
Consider n—1 problems for system (1) on a semi-axis. The Kk -th problem is in
finding of solution of system (1) at the following boundary conditions

¥3(0.2)=y(0.2), ¥ (0.2)=0, i=k.n, 3)
and given asymptotic
yr(x,2)=BFexp(ii&,x)+o(1), x =+, (Im1=0)
. 4)
i,k=12,...,n-1.
Theorem 1. Let the coefficients of system (1) satisfy the condition (2)
(& >..>& ,>0>¢&,) and ImA=0. Then there exists a unique bounded solution of the
scattering problem for system (1) on a semi-axis at joint consideration of problems (1),

3), 4).
Proof. The scattering problem for the k-th problem is equivalent to the
following system of integral equations

V5 (x,2)= Alexplizg, )+ [ 3 e, () (¢, Aexplizg, (x - x )b

x J=1
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400

Y (,2) = B expli2&,x)+1 [ 3cy (O ()explins,(x—x ), (5)

j=

where

+0 n
=—i| Z (X', 2)exp(=id &, X )X, i
0
40
AC=By +i | Z[cm (X)exp(=i &x')— ¢, (X )exp(- iﬂ.ka’)]y‘j‘(x',/l)dx’,
0 J=1
p,k=1,.,n-1.
The existence and uniqueness of the solution of system (5) in a class of bounded
functions follow from Volterra property of system (5).
By virtue of property of condition (2) we obtain from (5)

yp(x,4)= A exp(iﬁfpx)Jr o(l), p,k=1...n—1,

y¥(x,4)=BF exp(ii&,x)+o(l), x —+o. (6)
On the basis of theorem 1 according to (6) the elements
Ay =S,BY, pk=12,.,n-1, (7

n-1
forming the matrix S(4)= “S b (AM ok A defined.

Matrix S(/l) is called a scattering matrix for system (1) on a semi-axis with given

reflected waves.
Note that from definition S(4) it follows that

A+ o+ A B!

A+ A _s(a Brf ®

A+ A B!
The properties of S(/i)- matrix are studied with the help of integral

representation of solutions.
Lemma 1 [12]. Let coefficients of system (1) satisfy condition (2) and ImA=0.
Then every bounded solution has the integral representation

n X
v, (x)=hg(x,2)+ > j A (x,7)explidr)dz-y;(0,4), )
=g x
y (x)=h? jAk x,7)exp(idz)- A + Z jAk, x,7)exp(iirfdz-y;(0,1), (10
=2

p—2+0° ép ]X

Y (X)=h2 (x,4)+ > IAk‘J)(X 7)explidz)- hp (0,4)+ jAkpp (%, 7)explidz)dz - hg_l(O,ﬂ)Jr
j=1 0
& X

+ i j‘A,S(X,T)exp(Mr):ir- hjp(O,/i), (3<p<n), (11)
i=

P —o0

v (X)=h(x, A) + JA&” x,7)exp(iAz)dz-h"(0,4)+
$ix
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n—1 +©
+> _[A,?fl x,7)exp(iAz)dz-hj™(0,2)+ .[A,?n” x,7)exp(idz)dz-h1*(0,2), (12)
=2 —o0
—1 +00
vy (X)=hIP(x, A)+ z J.AQJ+1 x,7)exp(iiz)dz-h*P(0,4)+
i=ley x

- I P (x,7)explidz)dz - hn+p (0,2)+ Z j P (x,7)explidz)dz - h”+p(0 2),

j=p+l—o0
(2<p<n-1), (13)
v ()= (x.2)+ S [ A (x.o)explidc)de-h2"(0.4)+
i= 1§ X
+ TAfn” (x,7)exp(idz)dz-h2"(0,4). (14)

SnX
The kernels of these transformations are uniquely defined by coefficients

cg(x) (k,j=L...,n).
Here
h'(x,24)={y,(0)exp(i& A x)..... y, (0)exp(i, 2 x)},
h*(x.2) = {A exp(i&A ).y, (0)exp(ig, 2 X)...., vy (0)expli&, A x)},
h*(x,2)= {A exp(i& A %), A, expli&; 2 X)...., A, expli& 2 %), i (0)exp(i& A x),
...,yn(O)exp(iﬂ.an)}, (k =3,...,n),
h™(x,4)={A exp(i& A x), A, exp(i&,AX),..., A, exp(i&, A X),..., B, exp(i&, A X)),
h™(x,2)={y, (0)exp(i& A X)..... i ; (0)exp(i&, A x), A exp(i& A x).
A, exp(izg, x).B, exp(iié,x)}, (k=2,..,n-1),
h*"(x,2)={y,(0)exp(i&; 2 X)..... Yo, (0)expli&, 2 X), B, exp(i&, A X)) (15)
Lemma 2. Let Bfexp(ii&,x) (k=1,..n—1) be given reflected waves. Then
¥y (0,4) (k=1,..,n—1) are defined by the following formulas
0,81 34000~ 42 ) A2 ()2 =1 A (2D
(k=12,.,n—1). (16)
Proof. From (14) taking into account (3) we obtain
y¥(0,4)=Bf + JAfkn 0,7)expl(idz)dz- yf(0,4)+ jAfrT 0,7)expliAz)dz-BY.
From here

v 0.2)=(1- A ()] 1+ A2 (2))BY . k=12,..n-1,

where

AZ (1) jAﬁln 0,7)exp(iAz)dz, i=12,.n.
Lemma 3. For the k -th (k =1,....,n—1) problem, the following equalities hold
yi0.2)=(1- A% ()i+ A% (2)A =1+ A_()A.
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A= {1+ A2 () (A (2)+ AL ()i (0,2) =G (A)y (0,4)  k =2,..on—1. (17)
Proof. From (10) it follows that

Y (0.2)= A+ [ A (0. c)explideiz- A+ | 324 (0. Jexplidz)de -y (0.2)
e =2

or

i (0.2)=(1+ A% ()A" +ZA1 (2)-¥4(0.2).
From here subject to (3) we have
(1= A2 (i(0.2)=(1+ A% (2)A,
1+ A% ())A + (A3 (2)+ A2 (1))l (0.2)=0.
Consequently, we obtain relation (17).
Lemma 4. Let B} =B? =...=B/" =B, . Then functions y;(0,2)(i=12,...n—1)
are defined by the following formula
v 0.2)= (- A5 2)+ AL ) 1+ AT () AL ()NAY - AL,
i 0.2)=| 1+ AT (1) - AL (- AT (1) AL ()

<l AT - AR 0) (- AL) G=12en-2. a3
Proof. By virtue of condition (3) from representation (13), at K=n-1 by
subtraction of the j-th problem from n —1-st one (J =1,...,n— 2)

Yoo (O,/i) A AL - J-Arffllj 0 T)exp(l/%')dr y 0 /1 J.AT?:] l1 0 T)exp( /IT)dTX
<Al - AL).

ya ' (0,2) =y (0,4)=yi7(0)- y}(0.2)= [ATT'(0.7)explidz)dz - y}(0,2)+
0

+00

+ [ A (0. 0)explizz)de(Al - AL
or

Vi 0.2)+ AL (1) y10.4)= 1+ AT (IR - AL).
Vil 0.2)- (1= AT () v} (0.2) = AL (AT - AL).
Solution of this system gives (18).
Lemma 5. Let Al +..+ A" =0,..,A +..+ A7 =0(2<k<n-1). Then the
following equality holds

ye(0,2)=(1- ALt (1) AL (A AL+t AT )=BE (A) AL+ AT,

(p=12,...k—-1),
yE(0,2)=(1- A () (1 A ()AL + .+ AT )= (1 AC(NAL +.+ AT,
(p=23,...n-1). (19)

Proof. From (11) we obtain
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+0 k=2
Vi(0.2)=A + [ Y AL0,7)exp(irr)dz - A +Mk (0,0A, +
e j=l -
o [ 3 A0 explize)de- v, (0.2) (i=120k—1).
o j=k

From here for the p -th problem we have
k=2
¥P0.2)= AP + S ATA)A] + A, (2)- AL, + ZA\, (4)-¥7(0.2),
i=1
(i,p=1..k-1).

Summing from p=1to p=Kk—1 and using (3) we obtain

y2(0,2)= A% (ANAL, +.k AT )+ A% (2)y2(0,2), (p=1,k —2),

VE0.2) =1+ A (NAL + .+ AT+ AL (D)l (0,2),

Substituting instead of k—>k+1 and solving with respect to
y2(0,4)(p=L....k=1), y§(0,4 ) (k=2.3,..n—1) we arrive at equality (19).

Lemma6. Let A =AP ,k#p,ik,p=1,..,n—1 .Then Bf =B?.
Proof. From representations (12) we obtain

yE(0,2) - yP(0,2)= Ak — AP + AT () A" - AP )+

+Z/\T” (A)(A% = AP )+ AT (2B - B®), i=12,..n-1, (20)
VE(0,2)- yP(0,2) = B* — B + AN (2)(Af - AP)+
+ZA””(%)( ~ AP )+ AL (2)B* - BP). @1)

By virtue of (3) and by the condltlon of the lemma we have
yE(0.2)= Ay (2)(B" - B°),
—yP(0,2)= A" (2)B* - BP),
yE(0,2)- y2(0,2)=(1+ AL (2))B* - BP).
From here
1+ AL (2)- AL (2)- AL (2))B* - B®)=0
or

B¥ =BP".
The lemma is proved.
Remark. In lemmas 2-6 we assume that functions

1= AL () (k=1..n=1), 1+ AR (A1), 1+ A (2), 1- AL (A).1- A (2)- AL
(J = L“"n - 2)5 1+ Ar?fl_,rl14+ (/1)_ Ar?,?]_—lw(ﬂ“) 1+ Ar?—nl_:] 1+ (/1)_ Arzl—nl_lﬁ(ﬂ“)(l - Ar?r}+l (ﬂ“)-}_
AL N (e AL () - AL (A)) 1= AT (A) (= Lk k = 2,0 = 1),

1+ AL (1)

have no zeros. Zeros of these functions we call singular numbers.
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Theorem 2. Let the coefficients of the system of equations (1) satisfy the
condition (2) (& >...>¢&,, >0>¢&,), and singular numbers are absent. Then S(1) has

-1

an inverse operator S A)z“;/ij “In; In addition S(4) and S™'(1) have the following

form:
S(2)=1+ [F(cle"dr, (22)
s(2)=1+ [I(z)e""dr, (23)
where | is a unit matrix, F,JeL,(R). Matrix functions A,( HS )“”1

(k=1..,n—1) are also invertible. Moreover, functions (y, (1)+...+7,.,(2))",

(4 (4)), admit the factorization

(711(ﬂ)+ ot Vn (’1))_1 = (1 +R, (/ﬁt))_1 (1 +R. (/1)), (24)
(8 (e =1+ AL 1+ A_(2), k=101 25)
and functions

S-Sk (k=12,.n-2), 8, (A) (k=2,..0=1), y ,u(A) (k=L.., n-2)
have the following form

Snina(4) =Sk (1) =1+Q,. (1), k=1,...,n—2, (26)
Si(1)=G(A)1+ A, (2) (k=2,..,n-1), (27)
Vi (4 )—(1+Ak+( )" k_(ﬁ), k=1,.,n-2 (28)

here

() Alnl-:—l( )+ +Arr|]j11,1+(/1)_A:1+:(/1)a
R.(2)= AWt (2) = .= AR (2) = . - AT (2),
A (2)=(1- AT ) 1+ A (1)1, AC(2)= - AT ) 1+ A ()1,

1
Q. (1)=(1- A2 (1) + AL () (14 AL () AL (D)) (k=1.n - 2),
G (2)=-(1+ A% (1)) (A3 (2)+ A% (4 >) (k=2....n-1).
B (2)=(1- AL (1) Al (2), (k=1,..n-2).

Proof. 1. Let singular numbers be absent. We’ll show that the inverse operator
S7'(4) exists. If Al +...+ A" =0,...,Al, +...+ A" =0, then by lemma 5 it follows that

y;(0,4)=...= y"7(0,4)=0, and from (16) we obtain
(1+A.(1)BX=0, k=1,.,n-1

or
1 _p2 _ _ph-1 _
B/ =B’=..=B"'=

n-1

ie. S(/l) has an inverse operator S’ (i)z”;/ij (i)‘i -

2. We’ll show that (22) and (23) are fulfilled. From the representation (12) at
X=0 we have
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-1
v (0,2)=A + A (2)-A + nZAK”J.“(;L)- A+ A (A)B, k=12,.,n-1,
j=2

n-1
Yn (O’ﬂ“): B, + Ar?l:—l(ﬂ’) A+ ZAITJH(ﬂ’) Aj + Ar?r:r—l(ﬂ’)Bn : (29)
j=2
From here applying lemma 2 for the first problem we obtain
(4 A (2)- AR ABY) (1 AL (2)- AT R) AL (2)- () .
0 _ A (2) L+ AL (2)

0 Ar?jll,n Arlel,z (ﬂ)
AL ()= AL ()] [ A
AL |l
1+ A;r:rll,n—l AI]‘I—I

Analogously the inevitability of the following matrix is proved

1+ AT()-AT () AY(A)-ALNA) . ATL(2)-ATL ()

As(2) A () Aol (2)
Ar?rll,H (A) Ar?:rll,Z (’1) 1+ Ar:]jll,n—l (’1)
Hence,
S1(2) ) (14 AT - AL A (A)- AL (A) . ATL(2)- AT ()]
Sy (’1) _ Al (/1) 1+ A% (/1) A;-:ll—l (A) y
S (’1) Ar?—+11,1+ (’1) A:—ll,z (’1) 1+ Ar?:rll,n—l (’1)
1+ Ar?r:r—l (’1)_ AlnnJr—1 (’1)
5 0
0
Similarly using the second, ...,(n - l)-th problem we find
52(2) 1+ AT (2) AYG) L ALY
S2(1) || AR AR 1+ AR ) ARG) AT AL ()|

Snoin (’1) A::rll,n (’1) Ar?:rIIZ (’1) 1+ Ar?jll,n—l (’1)
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S1pa(2) 1+ AT (2) AV() AT (2) )

S5 || ARQ) 1+A£‘§1(ﬂ) A (2)

0
0

1+ ArTrT—l (/1) - Ar?:rll,n— (/1)
Thus, S(/l) has the form of (22). From Wiener theorem we also obtain (23).
3. We’ll prove formulas (24). Using formulas (29) we use

Vi(0,2)+ .+ y2 ' (0,4)=A +..+ A7+ A,?l*j(/i)(A]1 ot AI”’1)+
n-1

+ Y ATAL L+ AT ) AT (A)B! +.+ BT, k=12..n—1  (30)
=

and
Y (0.2)+ .+ YT (0.4) =B + ..+ B + AT (ANA + .+ AT )+
n-1
+ Y AT (ANA 4+ A ) AT (2B 4.+ B 31)
=
Let Al +...+ Al =0,.., A, +..+ A" =0. Summing (30) we obtain
YH0.2)+ y2(0,2)+ o+ T (0,2) = Al + oot A+ (AT (A) o+ AT ()
x (A11 ot A1”‘1)+ (Al”ntl(/l)Jr ot An”fll,nf(/i))(Brﬂ N B,’]“l),
yi0,4)+ y2(0,4)+ ...+ y 7 (0,4) =y (0,4) + y2(0,4) + ...+ y''(0,4) =

=B +.+B"+ Arr,‘ljl(/l)(A]1 +o+ A1”")+ An”rf_l(/i)(B; +o+ Br’:’l).
Thus, the following equality will be fulfilled
[+ A () AT (2) - —A;”fn (1))B +...+ B)-
[+ AT(A)+ o+ AT ()= AT () (A o+ AT, (32)
Using (8) we obtain
Sul4)  SulA)-8u(2) . 8(4)=8,,(2) |(By+Bi+.. 4B
Szl(l) Sy (’1)_ S21(’1) Sz,n—l (/1)_ 821(/1) B;

n

Sn—l,l(ﬂ“) Sn—l,z(ﬂ’)_sn—l,l(ﬂ“) Sn—l,n—l(/l)_sn—l,l(/l) B!

n
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A+A+. L+ A
A HA L+ A (33)
AL+AL L+ A
Further the following equality holds
Si(1)  sp()-sua) . S()-8,(2) Y
$u(4)  $x(2)-8,(4) . S,,4(2)-8,(4)

S1a1) S-S, o Sy s(2)=5,,02)
)+ () +..+ 7n—1,1(/1) Y12 (A)+ 75 (A)+ .+ 7n—1,2(ﬂ’)

_ 721 (’1) V2 (’1)
V-1 (l) V1,2 (’1)
- Yina (’1) + Va0 (’1) to Tt Vnina (ﬂ)
72,n—:1 (’1) (34)
j/n—l,n—l (ﬂ“)

From (33) and (34) at A' + A> + ...+ A" =0 (i =2,..n—1) it follows that
(7, (A)+ 72y (2) + .+ yn_l,l(/l))(All + AT+t AI”‘I)z Bl +B2+..+B"". (35
Comparing (32) and (35) we find (24).
4. We'll prove formulas (25). When k=1, A;'=S;'(1). From lemma 2 and
lemma 3 for arbitrary B, we obtain

(1 +A (ﬂ))Ail = (1 +A, (ﬁ)) Brll .
From here we find

A ()= (4 A ) 1+ A_(R)).
When k=2,3,..,n—1 from lemma 2 and lemma 5 at Al1 +A12 +.t A{H =0, ...,
AL +A +. +AT =0 at B¥' = =B =0 it follows that
1+ AC) A+t A)=(1+ A, (2)) BE, (36)

On the other hand we have
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1

lk(;t) Sl,n—l(ﬂ’) BZ 0

W0) e 8, 00) | B 0

Sa(d) o Sy(d) o Sa(A) ||BE =] AL+ AT+ AN
Sk+1,1(/1) Sk+1,k(/1) Sk+1,n—1(/1) 0 Atl+1 +Af+1 +..+ AE;II

Sn—l,l(ﬂ’) Sn—l,k(ﬂ’) Sn—l,n—l(ﬂ’) 0 A111_1+A§_1+”_+Ar’]‘_‘11

In particular we obtain

BrI] 0
A Pl :
k Br:(_l 0
B A+ A
From here it follows that
(A e (A v AT )= BE (37)

Using (36) and (37) we obtain (25) at k=2,....n—1.
5. We’ll prove formulas (26). From lemma 2 and lemma 4 for B} =B =...=

=B/~ =B, we obtain
1

(- AR ) 0 AR )8, =1 A () AL () =
< AT ()= AL ) (A - A
Taking into account that A’ — AX, =(Sn_17n_l (ﬂ)—Sn_Lk (/I))Bn and using the
arbitrariness of the choice of B, we find, that

Spna (M) =S ()=1+Q_(2), k=1..,n-2.
6. We’ll prove formulas (27). Indeed, from lemma 2 and lemma 3
A =Gy (4)(1+ A (2))By .
From here we find
S (A)=GE()(1+A,(A), k=2,.,n-1.
7. Finally, we’ll prove formulas (28). Starting from (8) at Al +..+ A" =0,
i=1,...,n—2 by the direct checking we are convinced in validity of the equality

Fear AL+t AT )= By (38)
From (16) and (19) at p=1,2,...,n—2 it follows that
(- Ap () Agp AL+t AT )= (14 AL (2))BE. (39)

Comparing (38) and (39) we find (28).
The theorem is proved.

Theorem 3. Let s(z):“sij (/1]‘:; be a scattering matrix for the system (1) with

coefficients c;(x)(i, j=1..,n) satisfying conditions (2) and let singular numbers be
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absent. Then the coefficients are uniquely defined by the known scattering matrix S(/i)
on a semi-axis.

Proof. We reduce the inverse scattering problem on a semi-axis (i.e. the problem
on restoration of potential of the coefficients by the known scattering matrix S(ﬂ)) to the
inverse problem for the system (1) on a whole axis with additional condition that the
coefficient equals zero at x<0.

We introduce into consideration the transition matrix

T1(2): (Ao A 1By ) = (1 (0.2). 0, (0.2))' (40)

The inverse scattering problem for the linear systems of the first order on a whole axis is
studied in papers [5-8]. Therefore, in order to prove the theorem it is sufficient to prove
that the matrix TT(A) is unique restored by S(4). The matrix T1(4) for the system (1)

coincides with a scattering matrix for the whole axis, when the coefficients in the system
(1) are equal to zero identically at X <0.

Let y'(x,4) be a solution of the first problem. Then
A11 = S11(/1)Br11 > Aé = Szl(/i)B:] seees Arlm = Sn—l,l(ﬂ)B;
by virtue of lemma 2 and by the formula (3)

¥10.2)=(1+ AL (2)By . ¥3(0,4)= .= ¥71(0,2) =0, y;(0.2)= (1 + A (2))B; .
Substituting these values in (40), we have

$u(2) ) (1+A.(2)
Su(2) | |0
I1(A : =|: . (41)
Soa(2)| |0
1+A,(2)

1
Analogously, for the i -th problem (i =2,.,N— 1) we obtain
Ali = Sli(/l)Briw ) Aé = Szi(/l)Br: >0 Ari1—1 =Sni (’1)Bri1
and from lemma 2 y/(0,4)=y;}(0,4)=(1+ A, (1))B,.
Using (40) we have

i (()91): =y 0.2)=yi, (0’/1)2 = Y,(0,2)=0.
From (40) repeating the previous arguments we obtain

Si(2) ) (0
(1) S”:(’l) - :1”“(’1) ,i=2,..n—1. (42)
Sii(2)| |0

1 1+ AL (2)

We combine equalities (41), (42) (i =2,..,N— 1) into one matrix equality and obtain
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S11(/1) Slz(/ﬁt) Sl,nfl(ﬂ‘)
Szl(/i) Szz(/l) Sz,n—l(/l)
ni) P L=
Spi(2) Span(d) o Sy a(2)
1 1 . 1
1+A,(2) 0 .
0 1+A,(1) .. 0
= . . . . : (43)
0 0 o 1+A (1)

1 + A1+(/1) 1+ A2+(ﬂ“) 1 + An—1+(j“)
On the other hand, from the representations (12) at Xx=0 we have
HAT()  AY(A) . ARL() AR(R)
W) 1A e ARG A )]

n(2)=
A1) AR(A) An”“l(l) 1+Ann (2)
Su(2) o Sia(d) 0
$u(4) o Syuld) 0
I1(1) =
Sel) oo Svapi(2) 0
1 1 1
1+ A, (1) 0 " 0 A (2)
0 1AL . 0 AT
= . . . . . (45)
0 0 e 1HALL() A™ (1)
1+AL(2) 1+AL (1) o T+ AL () 1+ A (4)
From here
1+ A, (4) 0 - 0 A1)
0 1AM . 0 AT
H(/l)z . X
0 0 .“1+AHJM njlln()
1+AL(2) 1+A, (1) o 1+AL(2) 1+ A (2)
7’11(1) 7’12(/1)
7’21(’1) 722(2)
Vn-1,1 (ﬂ) V1.2 (ﬂ)
_(711(i)+---+7/n—1,1(ﬂ’)) _(712(/1)+---+7n—1,2(/1))
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V1na (’1)
Vana (/1)
e | (46)
Y n-1,n-1 (ﬂ) 0

- (71,n—1 (/I)"‘ o TV noina (/1)) 1
From (25) with the help of Riemann-Hilbert problem we find factorization multipliers

1+ A, (4)(k=1,..n—1). Therefore, it's sufficient to find functions A" (i=1,...,n).
For this purpose from (30) and (31) using the boundary conditions (3) and lemma
2at Aj+..+ Af"1 =0(j=2,...,n—1) we obtain

(B + AT ANA + .+ A7)+ AT (A)BL + ...+ B )=(1+ A, (2))BE.
A 4 A )+ (1 AT ()B4 BT )=3 (1+ AL (A)BE . @47)

Since  BX =y (A +...+ AT ) k=L.n—1, B! + .+ BI = (3, (A)+ ...+ y i, ()%
x (A11 +ot A ), then (47) takes the form
S + AL (2)+ A (/1)(711(/1)+ et 7’n71,1(/1)): 1+ A. (D (2) (k=1....,n-1),

n1++1( ( nﬂ XJ/M + et 7n71,1(/1)) Z(l + A (/1))7k1( ) (48)

k=1

3

=
i

Using correlation (24) we obtain

AN +R(A) T+ “*‘(ﬂ)(1+(R ()" (1+Am(ﬁ)ykl(ﬂ)—&kl)(HR+(ﬂ))‘l,
k=1...n s

AN+ R, () + 1+ AL () + R(2)) iow( )1+ R, ()", 49)

k=

where

Using (24) and (49) we find A'(1) (k=1,...,n).
The theorem is proved.
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