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GARAYEV A.P. 
 

THE INVERSE SCATTERING PROBLEM FOR A SYSTEM OF FIRST ORDER 
DIFFERENTIAL EQUATIONS ON A SEMI-AXIS 

 
Abstract 

 
 In the paper the inverse scattering problem on a semi-axis is studied, when one 
incident wave exists. The unique restoration of the coefficients of equations by the 
scattering matrix was shown when singular numbers are absent. 
 

 In the paper the problem of restoration of potential ( ) ( ) n

jkkj xcxq
1, =

=  of the 

system of differential equations 

                                     ( ) ( ) ( ) ( ) 0,
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≥=+− ∑
=

xxyxyxc
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j
kj
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on a semi-axis with parameter λ  by the scattering matrix is considered. It is assumed that 
the coefficients of the equation satisfy the conditions ( )nξξξ >>>> ...0 21  and  
                           ( ) [ ) ( ) ( ) njkRLxcRxc kjkk ,...,2,1,,,,0,0 1 =∈+∞== ++ .                      (2) 
 The inverse scattering problem for a system of equations (1) at 2=n  on a semi-
axis and whole axis were studied in papers [1-4], and ( )nn ξξξ >>>≥ ...3 21  in [5, 8]. 
The complete solution of general problem on the whole axis can be found in paper [9]. In 
papers [10, 11] the case at ( )nnn ξξξ >>>>≥ − 0...3 11  with 1−n  incident waves and 
with one incident wave at ( )321 03 ξξξ >>>=n  were studied. The direct scattering 
problem on a semi-axis is considered in [12]. 
 The scattering problem on a semi-axis in the case, when nξξξ >>>> ...0 21  by 
multiplying the both sides of the equation on ( )1−  is reduced to the case 

nn ξξξ ′>>′>>′ − 0... 11  with one given scattering problem for the case 

nn ξξξ >>>> − 0... 11  at joint consideration of 1−n  problems with different boundary 
conditions and at given reflected waves was investigated. 
 Consider 1−n  problems for system (1) on a semi-axis. The k -th problem is in 
finding of solution of system (1) at the following boundary conditions 
                                         ( ) ( ) ( ) nkiyyy k

i
k
k

k
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and given asymptotic 

                                  
( ) ( ) ( ) ( )

.1,...,2,1,
0Im,,1exp,

−=
=+∞→+=

nki
xoxiBxy n

k
n

k
n λλξλ

                  (4) 

 Theorem 1. Let the coefficients of system (1) satisfy the condition (2)  
( )nn ξξξ >>>> − 0... 11  and 0Im =λ . Then there exists a unique bounded solution of the 
scattering problem for system (1) on a semi-axis at joint consideration of problems (1), 
(3), (4). 
 Proof. The scattering problem for the k -th problem is equivalent to the 
following system of integral equations 
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where  
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 The existence and uniqueness of the solution of system (5) in a class of bounded 
functions follow from Volterra property of system (5). 
 By virtue of property of condition (2) we obtain from (5) 

( ) ( ) ( ) 1,...,1,,1exp, −=+= nkpoxiAxy p
k
p

k
p λξλ , 

                                 ( ) ( ) ( ) +∞→+= xoxiBxy n
k
n

k
n ,1exp, λξλ .                                     (6) 

On the basis of theorem 1 according to (6) the elements 
                                       1,...,2,1,, −== nkpBSA k

npk
k
p ,                                               (7) 

forming the matrix ( ) ( ) 1
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−

=
=

n

kppk
SS λλ  are defined. 

 Matrix ( )λS  is called a scattering matrix for system (1) on a semi-axis with given 
reflected waves. 
 Note that from definition ( )λS  it follows that 
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 The properties of ( )λS - matrix are studied with the help of integral 
representation of solutions. 
 Lemma 1 [12]. Let coefficients of system (1) satisfy condition (2) and 0Im =λ . 
Then every bounded solution has the integral representation 
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 The kernels of these transformations are uniquely defined by coefficients 
( ) ( )njkxckj ,...,1, = . 

 Here  
( ) ( ) ( ) ( ) ( ){ },exp0,...,exp0, 11

1 xiyxiyxh nn λξλξλ =  
( ) ( ) ( ) ( ) ( ) ( ){ },exp0,...,exp0,exp, 2211
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 Lemma 2. Let ( ) ( )1,...,1exp −= nkxiB n

k
n λξ  be given reflected waves. Then 

( )λ,0k
ky  ( )1,...,1 −= nk  are defined by the following formulas 
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 Proof. From (14) taking into account (3) we obtain 
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 Lemma 3. For the k -th ( )1,...,1 −= nk  problem, the following equalities hold 
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 Proof. From (10) it follows that 
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 Consequently, we obtain relation (17). 
 Lemma 4. Let n

n
nnn BBBB ≡=== −121 ... . Then functions ( ) ( )1,...,2,1,0 −= niyi
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 Proof. By virtue of condition (3) from representation (13), at 1−= nk  by 
subtraction of the j -th problem from 1−n -st one ( )2,...,1 −= nj  
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 Solution of this system gives (18). 
 Lemma 5. Let ( )120...,...,0... 1
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 Proof. From (11) we obtain 
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From here for the p -th problem we have 
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 Summing from 1=p  to 1−= kp  and using (3) we obtain 
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 Substituting instead of 1+→ kk  and solving with respect to 
( ) ( )1,...,1,0 −= kpy p

p λ , ( ) ( )1,...3,2,0 −= nkyk
k λ  we arrive at equality (19). 

 Lemma 6. Let 1,...,1,,,, −=≠= npkipkAA p
i

k
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n
k
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 Proof. From representations (12) we obtain 
( ) ( ) ( )( )+−+−=− +

+
pkn

i
p

i
k
i

p
i

k
i AAAAAyy 11

1
1,0,0 λλλ  

                        ( )( ) ( )( ) ,1,...,2,1,1
1

2

1 −=−+−+ +
−

−

=

+∑ niBBAAAA pkn
in

p
j

k
j

n

j

n
ij λλ                  (20) 

( ) ( ) ( )( )+−+−=− +
+

pkn
n

pkp
n

k
n AAABByy 11

1
1,0,0 λλλ  

                                        ( )( ) ( )( ).1
1

2

1 pkn
nn

p
j

k
j

n

j

n
nj BBAAAA −+−+ +

−

−

=

+∑ λλ                           (21) 

By virtue of (3) and by the condition of the lemma we have  
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 The lemma is proved. 
 Remark. In lemmas 2-6 we assume that functions 
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have no zeros. Zeros of these functions we call singular numbers. 
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  Theorem 2. Let the coefficients of the system of equations (1) satisfy the 
condition (2) ( )nn ξξξ >>>> − 0... 11 , and singular numbers are absent. Then ( )λS  has 

an inverse operator ( ) 1

1,
1 −

=

− =
n

jiijS γλ . In addition ( )λS  and ( )λ1−S  have the following 

form: 

                                                  ( ) ( ) ,ττλ λτdeFIS i∫
+∞
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+=                                               (22) 

                                                  ( ) ( ) ,1 ττλ λτdeJIS i∫
+∞

∞−
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where I  is a unit matrix, ( )RLJF 1, ∈ . Matrix functions ( ) ( ) k
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1, =

=∆ λλ  

( )1,...,1 −= nk  are also invertible. Moreover, functions ( ) ( )( ) ,... 1
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−
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−

+
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and functions 
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here 
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1
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+
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−

−+
−−+

−
++ λλλλλλ k

kk
k
knk

n
nn

n
nkk AAAAAA , 

                                                                                                                   ( )1,...,1 −= nk , 
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( ) ( )( ) ( ) ( )( ) ( )1,...,2,1 2
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2
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−− nkAAB n
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n
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 Proof. 1. Let singular numbers be absent. We’ll show that the inverse operator 
( )λ1−S  exists. If 0...,...,0... 1

1
1

1
1

1
1
1 =++=++ −

−−
− n

nn
n AAAA , then by lemma 5 it follows that 

( ) ( ) 0,0...,0 1
1

1
1 === −

− λλ n
nyy , and from (16) we obtain 

( )( ) 1,...,1,01 −==+ + nkBA k
nk λ  

or  
0... 121 ==== −n

nnn BBB , 

i.e. ( )λS  has an inverse operator ( ) ( ) 1

1,
1 −

=

− =
n

jiijS λγλ . 

 2. We’ll show that (22) and (23) are fulfilled. From the representation (12) at 
0=x  we have 
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( ) ( ) ( ) ( ) 1,...,2,1,,0 1
1

2

1
1

1
1 −=+⋅+⋅+= +

−

−

=

++
+ ∑ nkBAAAAAAy n

n
knj

n

j

n
kj

n
kkk λλλλ , 

                           ( ) ( ) ( ) ( ) n
n
nnj

n

j

n
nj

n
nnn BAAAAABy λλλλ 1

1

2

1
1

1
1,0 +

−

−

=

++
+ +⋅+⋅+= ∑ .                 (29) 

From here applying lemma 2 for the first problem we obtain 
( ) ( )( ) ( ) ( ) ( ) ( )

( ) ( )

( )
( ) ( )

( )
.

1

...

...

...1

...1

0

0
1

1
1

1
2

1
1

1
1,1

1
1,2

1
1,

1
1,1

1
2,1

1
1,1

1
22

1
21

1
2

1
12

1
1

1
11

11
1

1

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎟
⎟
⎟

⎠

⎞

+

−

⎜
⎜
⎜
⎜
⎜

⎝

⎛

+
−−+

=

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛ −+

−
+

−−

+
−

+
−

+
−

+
−

+
+−

++
+

+++
+

+
+

+
−

+
−

n
n

nn

n
n

n
nn

n
n

n
n

n
n

nn

n
n

nn
n

n
n

n
n

n
nn

A

A
A

A

A
AA

AA

AA
AAAABAA

MM

MMM

λ
λλ

λ

λλ
λλλλλλ

 

 Analogously the inevitability of the following matrix is proved 
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

+

+
−−−+

+
−−

+
−

+
+−

+
−

++
+

+
−

+
−

+++
+

+
+

λλλ

λλλ
λλλλλλ

1
1,1

1
2,1

1
1,1

1
1,2

1
22

1
21

1
1,

1
1,1

1
2

1
12

1
1

1
11

1...
............

...1

...1

n
nn

n
n

n
n

n
n

nn

n
nn

n
n

n
n

nn
n

n

AAA

AAA
AAAAAA

. 

 Hence, 

( )
( )

( )

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

×

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

+

+
−−−+

=

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛
−

+
−−

+
−

+
+−

+
−

++
+

+
−

+
−

+++
+

+
+

−

1

1
1,1

1
2,1

1
1,1

1
1,2

1
22

1
21

1
1,

1
1,1

1
2

1
12

1
1

1
11

1,1

21

11

1...
............

...1

...1

λλλ

λλλ
λλλλλλ

λ

λ
λ

n
nn

n
n

n
n

n
n

nn

n
nn

n
n

n
n

nn
n

n

n AAA

AAA
AAAAAA

S

S
S

M
 

( ) ( )

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛ −+

×

+
−

+
−

0

0
1 1

1
1

M

λλ n
n

n
nn AA

. 

 Similarly using the second, ( )1..., −n -th problem we find 

( )
( )

( )

( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

×

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

+

−−+−
+

=

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛
−

+
−−

+
−

+
+−

+
−

+
−

+++
+

+
+

+
−

++
+

−

1

1
1,1

1
2,1

1
1,1

1
1,

1
1,2

1
2

1
22

1
1

1
21

1
1,1

1
12

1
11

2,1

22

12

1...
............

...1

...1

λλλ

λλλλλλ
λλλ

λ

λ
λ

n
nn

n
n

n
n

n
nn

n
n

n
n

nn
n

n

n
n

nn

n AAA

AAAAAA
AAA

S

S
S

M
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( ) ( )

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

−+
×

+
−

+
−

0

1

0
1

2
1

M

λλ n
n

n
nn AA

, 

……………………………………………………. 
( )
( )

( )

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

×

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

−+−−

+
+

=

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛
−

−
−

+
−−

++
−

+
+

+
+−

+
−

++
+

+
−

++
+

−−

−

−
1

1
1,

1
1,1

1
2

1
2,1

1
1

1
1,1

1
1,2

1
22

1
21

1
1,1

1
12

1
11

1,1

1,2

1,1

1...
............

...1

...1

λλλλλλ

λλλ
λλλ

λ

λ

λ

n
nn

n
nn

n
n

n
n

n
n

n
n

n
n

nn

n
n

nn

nn

n

n

AAAAAA

AAA
AAA

S

S
S

M

 

( ) ( )⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

−+

×

+
−−

+
− λλ 1

,1
11

0
0

n
nn

n
nn AA

M
. 

 Thus, ( )λS  has the form of (22). From Wiener theorem we also obtain (23). 
3. We’ll prove formulas (24). Using formulas (29) we use 

( ) ( ) ( )( )++++++=++ −+
+

−− 1
1

1
1

1
1

1111 ......,0...,0 nn
k

n
kk

n
kk AAAAAyy λλλ  

                  ( ) ( )( ) 1,...,2,1,...... 11111
1

2

1 −=++++++ −+
−

−
−

=

+∑ nkBBAAAA n
nn

n
kn

n
jj

n

j

n
kj λ            (30) 

and  
( ) ( ) ( )( )++++++=++ −+

+
−− 1

1
1
1

1
1

1111 ......,0...,0 nn
n

n
nn

n
nn AAABByy λλλ  

                         ( )( ) ( )( ) ....... 11111
1

2

1 −+
−

−
−

=

+ ++++++ ∑ n
nn

n
nn

n
jj

n

j

n
nj BBAAAA λλ                          (31) 

Let 0...,...,0... 1
1

1
1

1
2

1
2 =++=++ −

−−
− n

nn
n AAAA . Summing (30) we obtain 

( ) ( ) ( ) ( ) ( )( )×+++++=+++ +
+−

+
+

−−
− λλλλλ 1

1,1
1

11
1

1
1
1

1
1

2
2

1
1 ......,0...,0,0 n

n
nnn

n AAAAyyy  

( ) ( ) ( )( )( )111
,1

1
1

1
1

1
1 ......... −+

−−
+
−

− +++++++× n
nn

n
nn

n
n

n BBAAAA λλ , 

( ) ( ) ( ) ( ) ( ) ( ) =+++=+++ −−
− λλλλλλ ,0...,0,0,0...,0,0 1211
1

2
2

1
1

n
nnn

n
n yyyyyy  
( )( ) ( )( )1111

1
1
1

1
1

11 ......... −+
−

−+
+

− ++++++++= n
nn

n
nn

nn
n

n
nn BBAAAABB λλ . 

 Thus, the following equality will be fulfilled 
( ) ( ) ( )( )( )=++−−−+ −+

−−
+
−

+
−

111
,1

1
1

1 ......1 n
nn

n
nn

n
n

n
nn BBAAA λλλ  

                            ( ) ( ) ( )( ) ( )1
1

1
1

1
1

1
1,1

1
11 ......1 −+

+
+

+−
+
+ ++−+++= nn

n
n
n

n AAAAA λλλ .                  (32) 
Using (8) we obtain 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

=

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛ +++

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

−−

−−
−−

−

−

−−−−−−

−

−

1

2

121

1,11,11,12,11,1

211,2212221

111,1111211 ...

...
............

...

...

n
n

n

n
nnn

nnnnnn

n

n

B

B

BBB

SSSSS

SSSSS
SSSSS

M

λλλλλ

λλλλλ
λλλλλ

 



   ____________________________Азярбайжан МЕА-нын 
хябярlяри 
    [Garayev A.P.] 
 

70

                                                    

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

+++

+++

+++

=

−
−−−

−

−

1
1

2
1

1
1

1
2

2
2

1
2

1
1

2
1

1
1

...

...
...

...

n
nnn

n

n

AAA

AAA

AAA

.                                        (33) 

Further the following equality holds 
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

=

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

−−

−−
−− −

−−−−−−

−

−
1

1,11,11,12,11,1

211,2212221

111,1111211

...
............

...

...

λλλλλ

λλλλλ
λλλλλ

nnnnnn

n

n

SSSSS

SSSSS
SSSSS

 

( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

( ) ( )⎜
⎜
⎜
⎜
⎜

⎝

⎛ ++++++

=

−−

−−

...

...

...

.........

2,11,1

2221

2,122121,12111

λγλγ

λγλγ
λγλγλγλγλγλγ

nn

nn

MM
  

                                            

( ) ( ) ( )
( )

( )

.

...

...

...
......

1,1

1,2

1,11,21,1

⎟
⎟
⎟
⎟
⎟

⎠

⎞+++

−−

−

−−−−

λγ

λγ
λγλγλγ

nn

n

nnnn

M
                         (34) 

From (33) and (34) at ( )1,...20... 121 −==+++ − niAAA n
iii  it follows that 

               ( ) ( ) ( )( )( ) 1211
1

2
1

1
11,12111 ......... −−

− +++=++++++ n
nnn

n
n BBBAAAλγλγλγ .    (35) 

Comparing (32) and (35) we find (24). 
 4. We’ll prove formulas (25). When 1=k , ( )λ1

11
1

1
−− =∆ S . From lemma 2 and 

lemma 3 for arbitrary 1
nB  we obtain 

( )( ) ( )( ) 1
1

1
11 11 nBAAA λλ +− +=+ . 

From here we find 
( ) ( )( ) ( )( )λλλ −

−
+

− ++=∆ 1
1

1
1

1 11 AA . 
When 1,...,3,2 −= nk  from lemma 2 and lemma 5 at 0... 1

1
2
1

1
1 =+++ −nAAA , …, 

0... 1
1

2
1

1
1 =+++ −

−−−
n
kkk AAA  at 0... 11 === −+ n

n
k
n BB  it follows that 

                                   ( )( ) ( ) ( )( ) k
nk

n
kkk BAAAA λλ +
−

− +=+++ 1...1 11 ,                            (36) 
On the other hand we have 
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( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

+++

+++

+++=

⎟⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

⎟⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

−
−−−

−
+++

−

−−−−

−+++

−

−

−

1
1

2
1

1
1

1
1

2
1

1
1

121

2

1

1,1,11,1

1,1,11,1

1,1

1,2221

1,1111

...

...

...

0
0

0

0

......
...............

......

......
...............

......

......

n
nnn

n
kkk

n
kkk

k
n

n

n

nnknn

nkkkk

nkkkk

nk

nk

AAA

AAA

AAAB

B

B

SSS

SSS
SSS

SSS
SSS

M

M

M

M

λλλ

λλλ
λλλ

λλλ
λλλ

. 

In particular we obtain 

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

+

=

⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛

∆

−

−

11

1

1

...

0

0

n
kk

k
n

k
n

n

k

AAB

B

B
MM

 . 

From here it follows that 
                                                    ( ) ( ) kn

kkkkk BAA =++∆ −− 111 ... .                                       (37) 
Using (36) and (37) we obtain (25) at 1,...,2 −= nk . 
 5. We’ll prove formulas (26). From lemma 2 and lemma 4 for === ...21

nn BB  

n
n
n BB ≡= −1  we obtain 

( )( ) ( )( ) ( ) ( )( ) ×+−=+−
−−

+−
−
++

−
+

112
,1

12
,

212 111 λλλλ n
kn

n
knn

n
nn

n
nk AABAA  

( ) ( )( ) ( )k
n

n
n

n
nn

n
nn AAAA 1

1
1

12
1,

12
1,11 −

−
−

−
+−

−
+−− −−+× λλ . 

 Taking into account that ( ) ( )( ) nknnn
k
n

n
n BSSAA λλ ,11,11

1
1 −−−−
−
− −=−  and using the 

arbitrariness of the choice of nB  we find, that 
( ) ( ) ( ) 2,...,1,1,11,1 −=+=− −−−− nkQlSS kknnn λλ . 

 6. We’ll prove formulas (27). Indeed, from lemma 2 and lemma 3 
( ) ( )( ) k

nk
kk BAGA λλ +− += 121 . 

From here we find  
( ) ( ) ( )( ) 1,...,2,121 −=+= +− nkAlGS k

k
k λλ . 

 7. Finally, we’ll prove formulas (28). Starting from (8) at 0... 11 =++ −n
ii AA , 

2,...,1 −= ni  by the direct checking we are convinced in validity of the equality 
                                                 ( )( ) k

n
n
nnnk BAA =++ −
−−−

1
1

1
11, ...λγ .                                     (38) 

From (16) and (19) at 2,...,2,1 −= np  it follows that 

                        ( )( ) ( )( ) ( )( ) k
nk

n
nnnp

n
pn BAAAAA λλλ +

−
−−−−

−
− +=++− 1...1 1

1
1

11,
1

.                  (39) 
Comparing (38) and (39) we find (28). 
 The theorem is proved. 

 Theorem 3. Let ( ) ( ) 1

1,

−

=
=

n

jiijSS λλ  be a scattering matrix for the system (1) with 

coefficients ( ) ( )njixcij ,...,1, =  satisfying conditions (2) and let singular numbers be 
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absent. Then the coefficients are uniquely defined by the known scattering matrix ( )λS  
on a semi-axis. 
 Proof. We reduce the inverse scattering problem on a semi-axis (i.e. the problem 
on restoration of potential of the coefficients by the known scattering matrix ( )λS ) to the 
inverse problem for the system (1) on a whole axis with additional condition that the 
coefficient equals zero at 0<x . 
 We introduce into consideration the transition matrix 
                                   ( ) ( ) ( ) ( )( )tk

t
nn yyBAA λλλ ,0,...,,0,,...,: 111 →Π − .                         (40) 

The inverse scattering problem for the linear systems of the first order on a whole axis is 
studied in papers [5-8]. Therefore, in order to prove the theorem it is sufficient to prove 
that the matrix ( )λΠ  is unique restored by ( )λS . The matrix ( )λΠ  for the system (1) 
coincides with a scattering matrix for the whole axis, when the coefficients in the system 
(1) are equal to zero identically at 0<x . 
 Let ( )λ,1 xy  be a solution of the first problem. Then 

( ) ( ) ( ) 1
1,1

1
1

1
21

1
2

1
11

1
1 ,...,, nnnnn BSABSABSA λλλ −− ===  

by virtue of lemma 2 and by the formula (3) 
( ) ( )( ) ( ) ( ) ( ) ( )( ) 1

1
11

1
1
2

1
1

1
1 1,0,0,0...,0,1,0 nnnn BAyyyBAy λλλλλλ +−+ +====+= . 

 Substituting these values in (40), we have 

                                               ( )

( )
( )

( )

( )

( )⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

+

+

=

⎟⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

Π

+

+

−

λ

λ

λ

λ
λ

λ

1

1

1,1

21

11

1
0

0
1

1 A

A

S

S
S

n

MM .                                       (41) 

Analogously, for the i -th problem ( )1,...,2 −= ni  we obtain 
( ) ( ) ( ) i

nin
i
n

i
ni

ii
ni

i BSABSABSA λλλ ,112211 ...,,, −− ===  

and from lemma 2 ( ) ( ) ( )( ) i
ni

i
n

i
i BAyy λλλ ++== 1,0,0 . 

 Using (40) we have 
( ) ( ) ( ) ( ) 0,0...,0,0...,0 1111 ====== −+− λλλλ i

n
i
i

i
i

i yyyy . 
 From (40) repeating the previous arguments we obtain 

                                     ( )

( )

( )

( )

( )

( )

1,...,2,

1
0

1

0

1
,1

1

−=

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

+

+
=

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

Π

+

+

−

ni

A

A

S

S

S

i

i

in

ii

i

λ

λ

λ

λ

λ

λ
M

M

M

M

.                         (42)           

We combine equalities (41), (42) ( )1,...,2 −= ni  into one matrix equality and obtain 
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On the other hand, from the representations (12) at 0=x  we have 
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From here 
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From (25) with the help of Riemann-Hilbert problem we find factorization multipliers 
( ) ( )1,...11 −=+ + nkAk λ . Therefore, it’s sufficient to find functions ( )niAn

in ,...,11 =+
− .  

For this purpose from (30) and (31) using the boundary conditions (3) and lemma 
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Using correlation (24) we obtain 
( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( )( ) ,1111 1

11
1111

1
−

++
−

−
+
−

−
+

+
+ +−+=+++ λδλγλλλλλ RARARA kkk

n
kn

n
k  

( )1,...,1 −= nk , 

  ( ) ( )( ) ( )( ) ( )( ) ( ) ( )( ) ( )( ) ,11111 1

1
1

1111
1

−
+

=
+

−
−

+
−

−
+

+
+ ++=++++ ∑ λλγλλλλλ RARARA

n

k
kk

n
nn

n
n (49) 

where 

⎩
⎨
⎧

≠
=

=
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1 k
k

kδ . 

 Using (24) and (49) we find ( )λ1+
−

n
knA  ( )nk ,...,1= . 

 The theorem is proved. 
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