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SEVGI ESEN

APPROXIMATION OF FUNCTIONS BY THE FAMILY
OF INTEGRAL OPERATORS WITH POSITIVE KERNELS*

Abstract

The problem of pointwise approximation of functions by the family of singular
integrals of non-convolution type are solved.

This paper is devoted to the problem of approximation of functions by the family of
integral operators with positive kernels in fixed characteristic points of integrable functions.
This problem were investigated by many authors and we refer to the papers [1]-[4] and to the
monographs [5]-[7]. Note that the well known results in this direction have deals with the
convolution type integrals, which are, in general, the generalizations of classical singular
integrals of Fejer type, having the kernels AK (k(t - X)).

The more general results, concerning to kernels K, (t,X) also is applicable, as a

roole, to mentioned type kernels. By this reason in this paper we will give more general
theorems on convergence of integral operators of type

Lx(f;x)z?.f(t)Kx(t,X)dt; X €[a,b], €))
A

where between the sets [A,B] and [a,b] may be different embeddings.

First of all we give the following definition.
Definition 1. We will say that the function K, (t,x) of two variables

te[A,B], x €[a,b], depending on real parameter A >0, satisfy the condition (A), if the
following are holds:

B
a) %i_rEJKK(t,x)dtzl, (2)
A

for any fixed x €[a,b].
b) For any fixed x e[a,b] there exist a point &, €[A,B] such that for any t =&,
oK, (t,X) 50

-t ; 3
€ —t)-—; 3)
¢) For any fixed x e[a,b] and any fixed & >0

xlimKK(éx +8,x)=0 “4)
holds.

Our main result is the following
Theorem 1. Let f eL,(A,B)and the non-negative kernel K, (t,x) satisfy the

condition (A). If the point &, in b) of definition 1 is the Lebesgue point of function f , then
for integral operators (1) in fixed point x [a, b]
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lim L, (f;x)="f(&,)
A—o0

holds.

Proof. By the definition of Lebesgue point we can write
&y +h

.1
lim- i|f(t)—f<ax)|dt=o

. 1 gx
}grgﬁéxf |hf ® - f(E&,)ldt=0

Therefore, given & > 0, there exista &> 0 such that for all h, 0 <h <8, the inequalities

éxf |hf (t)— f (&, )ldt <eh (5)
and )

T|f () — f(&)ldt<eh. (6)
holds. .

Fixed this & and using (2) and positivity of kernel K, (t,X), we have

w0 & &+0 B
L, (30— f(&)|< {J+ [+ [+ ]+ } () - F(&)]- K, (tx)dt + | (&)

A 50 & &to
=l +l+ 1, 1, + s, (7

J'K (t,x)dt — 1| =

Consider I,; and 1,,. By the condition b) of definition 1, K, (t,X) is increasing, as a
function of t, in [A,éx —6] and decreasing in [&X + 9, B].
Therefore, from the inequalities

&y —0
1, <K, (& —50) T[T 0 - e < (|f], +]1E B -AK, 6,

B
IM<KA(§X+6,X)ﬂf(t)—f(&xjdtgmf"h+|f )B - A))< L +8,%),

&y +0
we obtain
Lo+ L <([f +[FENB - MK, By 83+ K, (5, +8,%).
Using (4), we have
lim(1), +1,;)=0. ®)

Consider 1, . Denoting

Ft)=[|f(y)- &y,
Ex
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we see, that, by (5),
FO<el-¢&,) €))
if t =&, <&. Hence, integrating by part and using (9), we have
&y +0 &y +0

L= JKL@X)AF ) = F(g, +8)-K, (&, +8,x)+ [F®)d,[-K; &))<
Ex Ex
&y +0

<e-8-K, (g, +8,x)+e [(t—¢& )d[-K, t.x)]=
Ex
&y +0

=6-5-K, (&, +8,x)—&-8-K, (& +8,x)+& [K, (t,x)dt
Ex
and since K, (t,X) is positive

I, < ST. K, (t,x)dt
By the same way we also obtain ’
I, < gJE K, (t,x)dt
and therefore ’
1y, + 15, <28TKk(t,X)dt. (10)
A

Finitely, (7), (8), (10) and (2) give the desired result.
Theorem 2. Let f el (—o,0) and non-negative kernel K, (t,x) satisfy the

condition (A)and the condition: For any >0

lim K, & x)dt =0,
&y +0
&y +06

lim LKk(t,x)dt:o.

(11

If &, is the Lebesgue point of function f then for integral operators (1) with
(A,B) = (-0,2)
lim L (F:0f (&,)
holds.
Proof. As above we can write (7). Now

Ex 8 Ex -8
ly < [RGB =8.x)[f O~ f g, Jat<|f] Ky (g, —8.x)+[f(E,) [K, {Etx)dt

and also
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&y +0
Ly <||f||L] K, (&, +8,x)+| (&, ) [K, (tx)dt.

Therefore, by (11)
x1gr010(| b+ 1y, )=0.

Theorem 3. Let x €[a,b] is fixed,
&
N =%5§O£Kk(t,x)dt

and the non-negative kernel K, (t,x) satisfy the condition (A).
If there exists
lim f(y)=f(, -0  lim f(y)=f(, +0)

y%ax_ YA)E.:X"'
then for integral operators (1)
lim L; (:x)=Nf (&, —0)+(1-N)f(g, +0)
hold.
Proof. Since

Ex B
L, (f:0= [[f ) - f &, -0, @ x)dt+ [[f 1)=&, +0))K, ¢x)dt +
A Ex

&y B
+ (&, —0)[K, (t.x)dt +f (¢, +0) [K, t,x)dt,
A Ex
it sufficient to show that the first two integrals in right hand side tends to zero as A — .
Consider, for example, the integral

B
L= [l - £ &, + 0K, tx)dt.
Ex
Obviusly by the condition of the theorem we have

[ft)- (€, +0)<e if [t—€,[<3.

Therefore
&y +0 B
< [If - &, +0K, @xdt+ [|fd)—f(E, +0)K, t.x)dt<
&y &y +0

B
<e[K, (t,x)dt + K, (&, +8,x)Q|f||Ll +|f (g, +0)(B —A))

and (2) and (4) gives the proof.
Corollary 1. If there exist ling f(y) then
Y&

limL, (f;x)=1im f(y).
A—>0 y—X

In conclution we will give some examples of kernels, satisfying the condition (A).
1. Let (A,B)=(-,), [a,b)=[l,00)
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1 2o X’
K, (t,x)=—¢e S AX +— .
Then &, :l.
X

2. Let (A,B)=(a,b)=(—o0,0)

K, (t,x) = Yo%) !

T on A ret) -t

Then &, =./o(X) .

3. (A,B)=[0,x), [a,b)=[l,)

2x(1+x+;)-ﬁ
N

_e—xx((1+x)t+b(x))2

K, (t,X)=

Then &, :—@

1+x

4. [A,B)=[a,b)=[0,)
v, (t:x) isincreasing in [0,1] and decreasing in [1,o0)and

A11_r)rolo{\yx('[;x)d'[ =1.

Then for a kernel

1 t
K, (%) =—— -y, | —,
+60=00 ‘”*(qxx) XJ

where @(x) is positive function on [0,), we have &, =¢(X).
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