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Abstract 
 
The problem of pointwise approximation of functions by the family of singular 

integrals of non-convolution type are solved. 
 
This paper is devoted to the problem of approximation of functions by the family of 

integral operators with positive kernels in fixed characteristic points of integrable functions. 
This problem were investigated by many authors and we refer to the papers [1]-[4] and to the 
monographs [5]-[7].  Note that the well known results in this direction have deals with the 
convolution type integrals, which are, in general, the generalizations of classical singular 
integrals of Fejer type, having the kernels ( ))( xtK −λλ . 

The more general results, concerning to kernels ),( xtK λ  also is applicable, as a 
roole, to mentioned type kernels. By this reason in this paper we will give more general 
theorems on convergence of integral operators of type 

                                  ∫ ∈= λλ

B

A

baxdtxtKtfxfL ],[;),()();( ,                                       (1) 

where between the sets ],[ BA  and ],[ ba  may be different embeddings. 
First of all we give the following definition. 
Definition 1. We will say that the function ),( xtK λ  of two variables 

],[],,[ baxBAt ∈∈ , depending on real parameter 0>λ , satisfy the condition )(A , if the 
following are holds: 

a)  ∫ =λ∞→λ

B

A

dtxtK 1),(lim ,                                                                                                         (2) 

for any fixed ],[ bax ∈ . 
b) For any fixed ],[ bax ∈  there exist a point ],[ BAx ∈ξ  such that for any xt ξ≠  

( ) 0
),(
>

∂
∂
⋅−ξ λ

t
xtK

tx ;                                                  (3) 

c) For any fixed ],[ bax ∈  and any fixed 0>δ  
( ) 0,lim =δ±ξλ∞→λ

xK x                                                   (4) 

holds. 
 Our main result is the following 

Theorem 1. Let ),(1 BALf ∈ and the non-negative kernel ),( xtK λ  satisfy the 
condition )(A . If the point xξ  in b) of definition 1 is the Lebesgue point of function f , then 
for integral operators (1) in fixed point ],[ bax ∈  
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)();(lim xfxfL ξ=λ∞→λ
 

holds. 
Proof. By the definition of Lebesgue point we can write 

∫
+ξ

ξ
→

=ξ−
h

xh

x

x

dtftf
h

0)()(1lim
0

 

∫
ξ

−ξ
→

=ξ−
x

x h
xh

dtftf
h

0)()(1lim
0

. 

Therefore, given 0>ξ , there exist a 0>δ  such that for all δ≤< hh 0, , the inequalities 
 

hdtftf
h

x

x

x

ε<ξ−∫
+ξ

ξ

)()(                                                      (5) 

and 

hdtftf
x

x h
x ε<ξ−∫

ξ

−ξ

)()( .                                                    (6) 

holds. 
Fixed this δ  and using (2) and positivity of kernel ),( xtK λ , we have 

=−+⋅−⋅
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

++++≤− ∫∫∫∫∫
+

+

−

− B

A
xx

B

A
x dtxtKfdtxtKftffxfL

x

x

x

x

x

x

1),()(),()()()();( λλ
δξ

δξ

ξ

ξ

δξ

δξ

λ ξξξ  

                                                .,5,4,3,2,1 λλλλλ IIIII ++++=                                                (7) 
Consider λ,1I  and λ,4I . By the condition b) of definition 1, ),( xtK λ  is increasing, as a 
function of t , in [ ]δ−ξ xA,  and decreasing in [ ]Bx ,δ+ξ . 

Therefore, from the inequalities 

( ) ( ) ( )( ) ( )xKABffdtftfxKI x
A

xLxx

x

,)()(,
1

,1 δ−ξ−ξ+≤ξ−δ−ξ< λ

δ−ξ

λλ ∫ , 

( ) ( ) ( )( ) ( )xKABffdtftfxKI x

B

xLxx
x

,)()(,
1

,4 δ+ξ−ξ+≤ξ−δ+ξ< λ
δ+ξ

λλ ∫ , 

we obtain  
( )( ) ( ) ( )xKxKABffII xxxL ,,)(

1
,4,1 δ+ξ+δ−ξ−ξ+<+ λλλλ . 

Using (4), we have 
( ) 0lim ,4,1 =+ λλ∞→λ

II .                                                   (8) 

Consider λ,3I . Denoting 

∫
ξ

ξ−=
t

x
x

dyfyftF )()()( , 



   ______________________________Азярбайжан МЕА-нын 
хябярlяри 
    [Sevgi Esen] 

 

 

58

 

we see, that, by (5), 
)()( xttF ξ−ε≤                                                        (9) 

if δ≤ξ− xt . Hence, integrating by part and using (9), we have 

( ) ( ) ≤−+δ+ξ⋅δ+ξ== ∫∫
δ+ξ

ξ
λλ

δ+ξ

ξ
λλ

x

x

x

x

xtKdtFxKFtdFxtKI txx )],([)(,)(),(,3  

( ) ( ) =−ξ−ε+δ+ξ⋅δ⋅ε≤ ∫
δ+ξ

ξ
λλ

x

x

xtKdtxK txx )],([,  

( ) ( ) ∫
δ+ξ

ξ
λλλ ε+δ+ξ⋅δ⋅ε−δ+ξ⋅δ⋅ε=

x

x

dtxtKxKxK xx ),(,,  

and since ),( xtK λ  is positive 

∫ λλ ε≤
B

A

dtxtKI ),(,3  

By the same way we also obtain 

∫ λλ ε<
B

A

dtxtKI ),(,2  

and therefore 

∫ λλλ ε<+
B

A

dtxtKII ),(2,3,2 .                                             (10) 

Finitely, (7), (8), (10) and (2) give the desired result. 
Theorem 2. Let ( )∞∞−∈ ,1Lf  and non-negative kernel ),( xtK λ  satisfy the 

condition )(A and the condition: For any 0>δ  

.0),(lim

,0),(lim

=

=

∫

∫
δ+ξ

∞−
λ∞→λ

∞

δ+ξ
λ∞→λ

x

x

dtxtK

dtxtK

                                                 (11) 

If xξ  is the Lebesgue point of function f  then for integral operators (1) with 
),(),( ∞−∞=BA  

)();(lim xfxfL ξλ∞→λ
 

holds. 
Proof. As above we can write (7). Now 

( ) ( ) ( ) ( ) ( )∫∫
δ−ξ

∞−
λλ

δ−ξ

∞−
λλ ξ+δ−ξ≤ξ−⋅δ−ξ<

xx

dtxtKfxKfdtftfxKI xxLxx ,,)(,
1

,1  

and also 
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( ) ( ) ( )∫
δ+ξ

∞−
λλλ ξ+δ+ξ<

x

dtxtKfxKfI xxL ,,
1

,4 . 

Therefore, by (11) 
( ) 0lim ,4,1 =+ λλ∞→λ

II . 

Theorem 3. Let ],[ bax ∈  is fixed, 

∫
ξ

λ∞→λ
=

x

A

dtxtKN ),(lim  

and the non-negative kernel ),( xtK λ  satisfy the condition )(A . 
If there exists 

( ) ( )0)(lim,0)(lim
00

+ξ=−ξ=
+ξ→−ξ→ xyxy

fyffyf
xx

 

then for integral operators (1) 
( ) ( )0)1(0);(lim +ξ−+−ξ=λ∞→λ xx fNNfxfL  

hold. 
Proof. Since 

[ ] [ ] ++ξ−+−ξ−= ∫∫
ξ

λ

ξ

λλ

B

x
A

x
x

x

dtxtKftfdtxtKftfxfL ),()0()(),()0()();(  

∫∫
ξ

λ

ξ

λ +ξ+−ξ+
B

x
A

x
x

x

dtxtKfdtxtKf ),()0(),()0( , 

it sufficient to show that the first two integrals in right hand side tends to zero as ∞→λ . 
Consider, for example, the integral 

[ ]∫
ξ

λλ +ξ−=
B

x
x

dtxtKftfI ),()0()( . 

Obviusly by the condition of the theorem we have 
ε<+ξ− )0()( xftf     if   δ<ξ− xt . 

Therefore 

<+ξ−++ξ−≤ ∫∫
δ+ξ

λ

δ+ξ

ξ
λλ

B

xx
x

x

x

dtxtKftfdtxtKftfI ),()0()(),()0()(  

( ) ( )( ))(0,),(
1

ABffxKdtxtK xLx

B

A

−+ξ+δ+ξ+ε< λλ∫  

and (2) and (4) gives the proof. 
Corollary 1. If there exist )(lim yf

xy ξ→
 then  

)(lim);(lim yfxfL
xy→λ∞→λ

= . 

In conclution we will give some examples of kernels, satisfying the condition )(A . 
1. Let ),1[),[),,(),( ∞=∞−∞= baBA  
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⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
λ

+λ⋅
π

= −λ−
λ

2
)1( 221),( xxextK tx . 

Then 
xx
1

=ξ . 

2. Let ),(),(),( ∞−∞== baBA  

22 )(
1)(

),(
tt

x
xtK

⋅ϕ+λ
⋅

πλ

ϕ
=λ . 

Then )(xx ϕ=ξ . 
3. ),1[),[),,0[),( ∞=∞= baBA  

( )2)()1(
12

),( xbtxxe

xxx
xtK ++λ−

λ ⋅
π

λ⋅⎟
⎠
⎞

⎜
⎝
⎛

λ
++

=  

Then 
x

xb
x +

−=ξ
1

)( . 

4. ),0[),[),[ ∞== baBA  
):( xtλψ  is increasing in ]1,0[  and decreasing in ),1[ ∞ and 

∫
∞

λ∞→λ
=ψ

0

1);(lim dtxt . 

Then for a kernel 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ϕ

ψ⋅
ϕ

= λλ x
x
t

x
xtK ,

)()(
1),(  

where )(xϕ  is positive function on ),0[ ∞ , we have )(xx ϕ=ξ . 
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