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AMIROVA L.I.

ON ONE DISTURBANCES THEORY PROBLEM FOR BOUNDARY VALUE
PROBLEMS OF OPERATOR-DIFFERENTIALS EQUATIONS OF THE
SECOND ORDER

Abstract

At the paper the theorem on existence of holomorphic solutions of one class of
boundary value problem for operator- differential equation of the second order is got,
when the boundary conditions contains the disturbance operator.

Let H be a separable Hilbert space, A be a normal operator with completely
continuous inverses A, (A_1 )* Al =A" (A_1 )* and if A Ay geees Ay e
(|/11|£|/12|£...£|/1n|£...) are eigen-values of the operator A, and ee,,...,e,,.. is

corresponding orthonormal system of eigen-elements of the operator A, then A is
represented by the following form

Ax:i/ln(x,en)en ., xeD(A).

n=l1

Let’s denote by

Cx=Y |4|(x.e.)e,.  xeD(A).

n=l1

Let’s determine further a Hilbert scale generated by the operator C , i.e.
H =D(A")=D[c7),  (xy), =(c"xC"y), y>0.
Let LZ(R L H) be a Hilbert space of the vector-function f(t) with the values
from H measurable and integrable by Bokhner square [1]

L (R, :H)= f(t);||f(t)||=@||f(t)||3dt]2<oo .

Let’s denote by S, the following sector in surface
Sa={2:|argz|<a}, O<a<%

and let’s denote by H 2(0:: H) (see [2]) the space of vector-function f(z) holomorphic in
S, and for which

e | dt<oo.

sup _[
lol<e
The functions from H,(e: H) have the boundary values in sense L, (R, :H) (and almost

everywhere)

£,(t)=flte') and £ (t)=f(te?*).
The space H, (a :H ) is a Hilbert space with respect to scalar product

(1.0), =5 (08,0 o) + 30O )

Let’s denote further by W, (cx: H) a space of vector-functions
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WS (@ H)=u(2)u'(2)e HylaH). Au(z)eHy(a:H)f
with scalar product
(U@)0@), =W (220"(@), +(Au(z). A%u(2),

The space W, (a: H) is also a Hilbert space and the theorem on intermediate products

and the theorem on traces hold in this space, ie. if u(z)eW (a:H), then
Azfju(j)(z)e H,(e:H)
[,

< const| ||u||| =012,

Hu 1‘ _ 1<const|||u|||

Here ||| |||a is a norm in the space W, (e : H )
At the given paper the following boundary value problem is considered
dd“()+A2() f(z), zes,, (1)
z
u(0)-Ku=0, )

where the operator A is normal with completely continuous inverse, and the operator
K:WS(R,:H)— H7 is bounded.
3

Let’s denote that many boundary value problems for operator-differentials
equations are investigated when operator-differentials equation has the disturbed part and
the boundary conditions haven’t such disturbed parts (see [4]).

Let’s denote that the equation (1) with the boundary conditionu(0)=0 is solvable

at some conditions on the spectrum of the operator A.

We are interested in the problem, at which conditions on smallness of the norm of
the operator K the problem (1), (2) is also solvable. Let’s denote that such problems are
in book [3] for ordinary differential operators.

First of all let’s give some definitions

Definitions 1. If the vector-function u(z)eW,’(«: H) satisfies the condition (1)
in S, identically then we’ll call it a regular solution of the equation (1).
Definition 2. If at any f(z)eH,(a:H) there exists a regular solution of the
equation (1) which satisfies the boundary condition (2) in the sense
hm|p —Kuls =0
Jneh ’
and holds the inequality
luf], <const] ],
then we call the problem (1), (2) regularity solvable.

First of all let’s prove the following lemma.
Lemma 1. Let the operator A be normal with completely continuous inverse

A" whose spectrum is contained in a corner sector

Sg:{/11|arg/”t|sg}, OS$<%
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and the number O<a+g<%. Then a semi-group of linear bounded operators

e :H, >W, (a:H) is a continuous operator with the norm no more than the numbers
2
1

(cos(a + g))?
Proof. Let g€ H; . Then

2

e el o e <afmee ] -
=||A%e "y i +‘A2e“eqa o
L, (R,:H) L(R,:H) ’

Let’s estimate the first summand in the equality (3). The second summand is determined
analogously.

Using the spectral expansion of the operator A we have

i 2 © . 2
A’ e - 22 —te'" 2, ’ _
i ¢ v L(R:H) nZ:;‘ n® (l// €n )en L(RH)
Sl e Fa Sl e -
0 n=l 0 el
:Ti y) | 2t\l icos(a+(pn l//,en det < ji|ﬂ’n|4e_2tilniCOS(a+¢n) (y/,en ]zdt <
on 0 n=1

© - 3
<3f |4| v ) Je‘”*‘“°°s(““)dt=z—'*“' e =

o 2 cos(a +&

sl e ;nwng

2cos o+ g 2cos(a + 5)

Analogously we’ve that

. 2
Aze—te""’ ‘ < -
i 14 L(R,H) 200s o+ 5 ||y/||/
Allowing for these inequalities in the equality (3) we get

2

eyl <—F—— ie. ‘ e
iii Vil cos a+g "l//"/ ii

Lemma is proved.

Let’s prove now the following theorem on a regular solvability of the problem
1, @).

Theorem. Let A be a normal operator with completely continuous inverse A™
whose spectrum is contained in corner sector

S, = {/1 : |argﬂ| < 5},

1
< (cos(e + g))_5||1//||% .

where O<g<%. If the number O<a+8<% and the norm of the operator K is less

than (cos(a + 8)); then the problem (1), (2) is regularly solvable.

Proof. First of all let’s prove that the homogeneous problem i.e. the problem (1),
(2) has only null regular solution when f(z)=0.



42 Asspbaiixkan MEA-HbIH

XS0spIsipu
[Amirova L.1.]

Since the general regular solution of the equation

u"(z)+ A’u(z)=0

uy(2)=e""y,
where e H 3 then from the boundary condition (2) follows that
2

has the form

W - K(e_ZAy/):O, we H%
or

(E—Ke_ZA)l//zo, we H%,

and E is an unit operator at the space H 3
2

Since
HKe_ZAW“y < ”K"sz(a:H )—)H% ’ ‘ e_ZAl// sz(a:H) <
= "K"W2 (a: H)—)H ‘ - Hyawzz(a:H) "l//”% ’

then applying the lemma 1 we have

HKe ZAl//“/ cos(a + & /"K”Wz (ot
From the condition of the theorem it follows that
b4 =HKe_ZA ot <1.

Therefore the operator (E—Ke_ZA) is inverse H 3 consequently w =0,
2

ie.u,(z)=0.
Now show that for any f(z)eH Y, there exists a regular solution
2

u(z)eWi(a:H).
It is easy to see that for any f(z)e H,(a:H) the vector-function

ul(z):zLﬂi [ 2E+A ) e f(2)d2 —2% [ 2E+ A e f(2)d2

Tpse0) Me4-4)
satisfies the equation (1) identically in S, . Here 1?(/1) is a Laplacian transformation of a
vector-function f(z) from the class H,(c: H) (see [5]), and

I“i(%m) = {/7.‘ argd = i(% + a)}.

On these beams it holds the inequality

Az(— AE + Az)_l‘ < const,

2 2E+ A )_IH <const . (4)
Really for example when A e 1“(,7+ ) (/1 = rei(%m)’ r> 0)
o) a

Az(rzeiza +A2)71 _

A (- 2E + AZ)’1H=

Az(_ r2pilr+2a) | Az)*luz
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/12( g +/12) ‘— sup (|/In|2(r4 +|/1n|4 +2|/1n|2|’2c0s2(arg/1n +a)T%JS

/‘Lneo—( ) Mea(A)
< sup [Iﬂ Bl +a +z|zn|2rzcosz(g+a))%]. )
A eo

Since when O0<a+¢&< % cos Z(a + g) >0, then from the inequality (5) it

follows that in this case
. 1
‘AZ(-12E+-A2)1HS sup Uzﬂfﬂzﬂr-+r4)/éJg1, (6)

A EU(A)
and when % <a+¢< % cos 2(a + g) < 0. Therefore using the Cauchy’s inequality in

n

the inequality (5) we’ll get
‘Az( ZE + A2 H< sup ([/1 *r ( + 2 +(r4 +ﬂﬁ))cos2(a+g)’%)=

Jnea(A)

= sup (|/1n|2(r4 + (A
i,nea(A)

n

)_A (1+cos2(a + g))_%) <(2cos2(a + g))_% . (7

From the inequality (6) and (7) it follows the first inequality from (4). The second
inequality from (4) is proved analogously. From the inequality (4) follows that

u(z)eW; (e : H). Since a general regular solution of the equation (1) is represented in the
following form

u(z)=u,(z)+e ™y, (8)
where e H Y, then from the boundary condition (2) it follows that
2

u(0)+y= K(ul(z)+ e‘ZAt//)

v —Ke ™y =Ku,(z) -y, (0).
Since , = Ku,(z)—u,(0), then from the last equation we get that

(E - Ke’ZA)l// =y,.

As shown that the operator E — Ke ™ is inverse in H7 then y = (E - KefZA)fll//1 € Hy .
2 2
Thus u(z) is regular solution of the problem (1), (2).

On the other hand

u"(z)- Azu(zj‘2 < 2(||u"(z)||i + HAzu(z] ’ ) =2||u z
then by the Banach theorem on the inverse operator it follows that it holds the inequality
|||u|||z <const| f| .

Theorem is proved.
The author expresses his thanks to Prof. S.S. Mirzoyev for the discussion of the
received results.
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