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MEKHTIYEV M.F., GUSEYNOV F.S.

THE CONSTRUCTION OF HOMOGENEQUS SOLUTIONS FOR
TRANSVERSALLY-ISOTROPIC HOLLOW SPHERE

Abstract

The asymmetric problem of elasticity for theory of transversally-isotropic
spherical shell is considered. It is supposed that the right part of the boundary spherical
shell is free from stresses. The homogeneous solutions are constructed, allowing to satisfy
the arbitrary boundary conditions on profile surface of the shell.

Let’s consider a problem on elastic equilibrium for transversally-isotropic
spherical shell. The state of sphere points in the space is determined by the spherical
coordinates I,d,¢ (R1 <Sr<R,,0,£0<6,,0<¢< 27[).

Let’s show the full system of equations describing the spatial stress-strain state of
spherical shell.

The equation of equilibrium in stresses when mass forces are absent in spherical
system of coordinate have the following form [1]

oo, N 1 07,y N 20, -0, -0, + 1,00 _
or r 06 r
az—r& + 1609 + (0_9 - o-cp ):tge + 32-rH _
or r o0 r
The relation of generalized Hook principle have the following form:
o, =Gy|be, +hby (e, + e(p)J’

0 s
)

o, =G, [blzer +b,,ey + b23e(p]’ 2)
c,=G [blzer +bye, + bzzeq)],
Tro = GlerH .
The components of tensor deformation:
_ou, u

r

YU, Touy

er b 0 — B
or r r oo

e(p=u7'+ctg€u79, er9=%%+aﬁlr‘9—u79, 3)
u, = ur(r,e) , Uy = ug(rﬁ) are components of vector permutations; b; , G, are material
constants:
mby, =2G,Ey(1-v?), mby, =2G,(1-vv,),
mb,, =2Gyv, (1 + V) , mby; =2G, (v + Vv, ),
m=1-v-2wv,, G,=G-G;', E,=E,-E™".
Here v,v,,v,,G, G,, E, E, are technical constants of materials.
Substituting (3), (2) in (1) after the simple calculations we’ll get:
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b, 0 ou,
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Let’s note that the surfaces r =R, (s=1,2) we’ll be called face surfaces, and the
remaining parts of the boundary (49 =6,, n= 1,2) as profile surfaces of sphere.

At the given paper we’ll suppose that the face parts of boundary are free from
stresses

O-I'ZO’ T”9:O- (5)
Now we shalln’t revise the boundary conditions of profile surface but we’ll

suppose them such that the shells are in equilibrium.
The solution of the equations (4) we’ll search in the following form:

u =a(¢m@), u,= b(é)dm—(m, (6)

de
where m(0) is the solution of Lagrangian equation

m"()+ctgd - m'(0)+ (u +1)m(0)=0. (7)
The parameter y is determined from the condition (5)

§:—ln— ,=+R R, , £e[-11], =—ln—

Rl
Substituting (6) in (4) subject to (7) after the dividing of variable with respect to
the pairs of the functions a(&), b(£) we’ll get:

b”a”+gb”a'{2(b12 ~b,, —b33)—[22 —%ﬂ ag’ —[22 —ﬂ(b12 +1)eb’ -
—(b,, —by, —by; — 1)(2 _Zj h=0,

(b, +1)ga’ + £ (by, + by, +2)a+b" + &b —[bzz(zz —ﬂ (b, —b,, - 2)};52 ~0. (®)
The solution of the system (8) we’ll search by the following form:
a(h£)= Ao b(1.£)=Be™ 7= p+—. ©)

The solution (8) has the form:
a(ﬂ,é): Aleslé‘f + Azefslsf + A3e52.9§ + A4e,52€§ ’
b(i,g): Bleslé‘f + Bze—slé‘f + B3e525§ n B4e_325§ ’

where A, are roots of the biquadratic equation

1
bllﬂ“z(ﬂ‘ +1)2 _|:(bllb22 _b122 _2b12)[22 _Zj _2(b12 _bzz - b23)_2b11(GO _1)}<

x A4 +1)+(22 —%j[bzz(zz —%j ~2(b,, —by, —by, (G, —1)} =0. (10)
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Let’s suppose A, (4, +1)=
7’ 20,7+, =0, (11)

_ 1
2, =b;! {(bnbzz b} —zbm(zz —Z] 2By, — by, by, )~ 26, (G, —1)]

_ 1 1
a, :blll(zz _Z){bzz(zz _ZJ_Z(blz —by, _b23)(Go _1)} >

Sh _\/ql ql —-0,, 7,=135, (n=1,2),
3(2,5)2 dleaslfcl + (dl _ 2sl)e &§S|C2 + dzegszfc3 + (dz _ 282)e7§52§C4 ,
b(2,£)=B,eC, + Le*°°C, + B,e>*C, + L,e™*C,,

(of (i = 1,4) are any constants;
d; =S;(S; +1)+b,, —b,; -2 —bzz(zz ——j (i=12),

B, =—[(b,, +1)S, +b,, +b,; +2] (k=1,2), (12)
L, =[(b, +1)S, =b,, by, 2] (n=1,2).
Satisfying the homogeneous boundary conditions (5) we get the following
characteristics equation with respect to the parameter z :

A(Spszag) [(AIIBIZ As 11)( 2Py — Ay zz)Sh ( 2t S) +
+(A11Bzz Ay 11)(A21 12— ALB 21 Sh S =S, ] (13)

where

1
Ay = bHSkz(Sk + 1)+ 2b;, S, (Sk + 1)+ {(blzz +by, - blleZ(zz _Zj + an(Go - 1)}Sk +
9
+ 2b12(— -7 )(G0 -1),
4
1
Ay = —bHSkz(Sk _1)+ 2b;, S, (Sk - 1)_[(b122 +by, - blleZ{Zz _Zj + 2b11(Go —1)}3,( +
9
+ 2b12(—— z )(G0 -1),
4
9
Bix :_b128k2 + (blz —b,, —by; )Sk + bzz(z_ Zz) )

9
B, =—by,Sy - (b12 —by, - b23)Sk + bzz(z_ 22) (k :1’2) :

The equation (13) has the countable set of roots with the point of condensation on
infinity. The roots of the equation (13) can be found numerically or as shown in [2] for
thin shells in more effective asymptotic method. But at the given paper our aim is to
construct only homogeneous solutions in common case therefore we shan’t stop on this.

Summing of all roots of the equation (13) and allowing for (2) and (6) we’ll get
homogeneous solutions of the following form:
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00

u.= rozckuk(f)mk ),

k=l
Uy, = fokZCkgk (f)
=1

dm, (‘9)
do

b

o, =G le™ iCerk (g)mk (6),

k=1

70 =G, e, 0)+ o (),

déo

dm, (6
7, =G e 3, Qlem, (0)+ Q) ) |
7,0=G& e‘“fZCT( )dd";k ), (14)
where

U (£)=de®A,, +(d, —28,)e ™A, +d,e® A, +(d, —28,)e ™A, ,
‘9k (GE)_ B egslgAn +L e_gslgAn + Bzegsngn +L, e‘552§A14 ,
Ay =€ (A,B,, — B, A, B, — (A, By, — By A, )BLe™ (81+28)
+(Ay By, — B, A, )Bse 2875
Ap :_(Alz 2~ IZAZZ)B”e_‘ESI (A”B22 _ B”Azz)Blzes(sl—zsz) 3
— (A By, — A,By, )Be’ #(251425;),
Ay =(A,By — B Ay )Bpe™ + (A, By, — By A, By e (2845, )e _
~(A,B, —B,|A,, )B,e° s25—s;),
Ay Z_(Aule - Ay 11) 1€ o (A’lelz -B,/A, )B“e_g(zsl‘SZ) -
— (A“B12 _ B”AIZ)lees(zlersz)’

:(bzz —b23)g-ctg¢9.9 (5)
T()= (&) + elu (&) - 9. ()].

Here ¢, are any constants.

As in [3], we can prove that the system of homogeneous solutions (14) satisfy the
generalized conditions of orthogonality, that allows to solve the problem for the sphere
only at the mixed boundary conditions on profile surface of sphere.

At all other cases we have to appeal to different approximate methods. Therefore
let’s consider the question on satisfying the boundary conditions on profile surfaces of
sphere by view of the class of homogeneous solutions in common cases. Let’s suppose
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for simplicity that the middle surface represents the sphere with one circular perforation.
Let at 8 =6, the system of stresses be given

09=f1(‘§), 7r9=fz(§) for 6=6, (15)
moreover the condition of equilibrium
RZ
[[f,(£)sin6 + £,(£)cosO]e* d& =0 (16)
Ry

be fulfilled.
We’ll accept the coefficients C, as generalized parameters. Since the

homogeneous solutions exactly satisfy the equilibrium equations and boundary condition
on face, the Lagrangian possible permutation principle has the following form:

R, Ry
[(oy0u, + 7 p0u, )rdr = [[f,(r)ou, + f,(r)su, Jrdr . (17)
R R

Equating to zero the coefficients at independent variables we’ll get the following
infinite system:

YMC, =N, (p=12..). (18)
k=1

Here
1

Mkp:j

-1

\dm(6,)

| 2) dm (6,
HQéﬁmk(a%Qéﬁ mgé )}9,,(5/ 0

+Tk(f>up(§>dmk—(91>mp(el>}e€fdf,

do
[n(g)sp(f:) +f2<f>u,,<§>mp<e>}ekfedz:.

dm, (‘91 )
do

The elements of these matrices don’t depend on the form of loading on profile

surface and therefore the conversion may be realized once forever.

+

1

Np:j

-1
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