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GYULMAMEDOV M.Kh.

FORCED VIBRATIONS OF A SPHERICAL SHELL UNDER MIXED
BOUNDARY CONDITIONS ON ITS FACE

Abstract

In the present paper the forced vibration of spherical shell is considered. The
stated problem is exactly solved. The roots of variance equation are asymptotically
investigated according to the problem we construct asymptotical formulas for
displacements and stains corresponding to these roots.

Consider the forced vibration of a spherical shell under the homogemeous
boundary conditions on its face
u =0, 7,, =0, 7,, =0 when r=r, (k:1,2), (1)
and the following boundary conditions are given on the other part of the boundary
oy = QY (0™ 71 = QUi (1o 7, = QI (r.g)e™ when 6=0, (s=12). ()

Here the other non-homogeneous boundary condition are possible, too.
Using the results of [2, 4] we obtain the following boundary problems

L, (u,,®)=0,
{L2(ur,CD)=O, ®)
[Ur]r:rkzo,
{aﬁ—lcp} =0 (k=12), @
o r 1
and
Ly(F)=0, (5)
OF 1
[E—?FL_O (k=12), (6)
where

2
L (u,@)= 2 _V)(a—u+ga—u—iuJ+iAou +

1-2v \or? ror r? r2

- (1 0 +4V;3)AOCD+/IZU,
1-2v{ror r
_ _ 2
L,(u,®)= L 1fou 4-4v,, +2(1 ) 12 Ay + 0 ?+38£+/12®,
1-2vr\or r 1-2v r or r or
O’F 20F 1 ) o* 0 1 0
L,(F)= +—+—=AF+AF,Aj=—=+cCtgfd—+ —.
+(F) o ror 2 "“207 90 sin® oo’

Note that the boundary value problem (5), (6) is investigated in [3]. Therefore
here we investigate the boundary value problem (3) and (4). Here r, 8, ¢ are spherical

coordinates, U,,U,,U, are components of displacement vector, o,,0,,0,, 7,

Ty, » T, are components of strain tensor, G is a Lame coefficient, @ is frequency of

ro >
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vibrations, v is a Poisson coefficient, ¢ is a small parameter characterizing the thickness
of a spherical shell, A is a pure frequency parameter, z is a spectral parameter. Using the
results of [4], from (3), (4) we obtain the following spectral problem

' 2 1
Z —_ —
(a’+gaj MR 24 a—— 1 1[22—1j - 3= =0,
r 2(1-v) r 20-v)r 4)1 r
_ 7
a1 (7
L P ke L) SN T /12——2(1_V)—4 b=0,
1-2v r r 1-2v  r?
[a]r:rk:O’
8
[b'—lb} =0 (k=12). ®
r r=n

As is known the solution of a system of equations (7) has the following form:

)= (i) 3o an) o 0o rian) - v far) -

Ilf(z ——J Jarc,, —— (z ——J (ﬂr)C4Z},

1

b(r)=%{clz?.]z(az)+czz%Yz(ar)—Q{M;(MH%JZ(}{Z)}—
04{,1\( (ar)+ 2rY (4 r)} 9

Here J,(x), Y,(x) are Bessel’s functions of 1-st and 2-nd kinds, respectively.

Satisfying the homogeneous boundary conditions (8) we obtain variance equation
in the form of

A =22 - L2 oo aann L (@) + 6ar L0 (@) +
1 z 1"2%z 1=z

nr, 4 4

+6ar, L0 () - 9L0) ]+[(p3 (2,1, )LO0)(2)— 2/1r1 (a)|x
x[zazrlrzuz (@)= 3ar (@) - an L) ) 00)(g) |+
+ oy (2.0 LOO(2) = 245, L0V (1) 221, LU () arL9(g) -

z

L)+ 2L - 2} + L il a) - 201 09a) -
172

2
T

z

201, L (&) + L0 (@) 420, L00(2) + 24 r2(p3(z £ )LOD(2) +

+24 rl(P3(Z,r2)|—(z1’0)(/1) @5 (2.1 Jps (2.1, )L ] 0, (10)
where @3<z,r>=zz2—§—w, s

LE(8) =30 (r N (pr,)-30(Br, Y. () (s.1=0.1).
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The transcendental equation (10) has a denumerable set of zeros and the
following homogeneous solutions correspond to them

u, = \/_zc Un T (0,0)e™ , u, = \/_zc Mo — - 5Tk e, (11)
Uy z%gckuek%em;a \/—ZC |:0-9ka(‘9 (P)+O' 22;- }eim,
Oy = rz(i/Fng{Ueka(ea(P)“' O ok {?;( s11112¢9 22(:2'( }ei“’t,
o= rz(i/FiCkarka(e’(P)eim’ fro = \/_Z e op 5111149(9”0t

Here

, 1 1 1
=l ()2, (ar)—F[zf —;)sz (2r),
Uy, =%sz (ar)-2z, (ﬂr)—%zzk (Ar). o0 =22, (ar)-241Z} (Ar)-Z, (Ar),
oo =212, (@ r)—[l+#ﬂ?r2jzzk (ar)—2(zf —%jzzk (ar),

o =9,(2,.1)Z, (ar)-4arZ; (a r)+(zf —i)(ﬂzk (Ar)-24rz; (4 r))
7, =2arZ} (ar)-3Z, (ar)+241Z, (Ar)-0,(z,.r)Z, (A1),
where
2, (0=C1, 3, (04 Co, Y, (). @a(r)=22° +3 -2,

C, are arbitrary constants.
Now we pass to the investigation of roots of the equation (10). For this we
expand the equation (10) in series by &

D(z,ﬂ.,g):% i _lv)z gz<{4(1 vy A2 21— v)1-2v)A° -

—(=v)5-9v)at |+ %2{16(1 P2zt 2 20— w5 -8 )a° -
—2(1ov? —12v 432 + 81— v) |2 + 2807 —10v+ 38 + (42 + v 1) -
(2302 = 38v + 142 — 4(1 - VP |+ 2—45{128(1 VP A2+ 4[-32(2-3v)x

< (1)~ 401302 —10v 1)) 2* + ()22 +f ). (13)

For the equation (13) the following statement is valid.
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The equation (13) at finite A has two groups of zeros, where the first group
consists of two zeros z, =O(1) (k =1,2), and the second group contains a denumerable

set of roots which have the order o(g_1 )

For the first group we seek z, in the form of the expansion

2, =2, +E°7 +.... (14)
After substitution (14) in (13) we obtain
1
z; = ) [2(1 208 +(5- 9v)],
1 1 2 4 2 2
7, =——— L h6(-vPzt +2f20-v)5-8v)2 —2(10v2 — 120 +3)+

T 24(1-v) 2,
81—Vt |2 +2(8v 100+ 328 + (4v? +v - 1) — (2302 —38v +14)-

—4(1-vP 4t} (15)
From (15) it’s obvious that when /13 > —ﬁ we have two real and when
-2v
) 5-9v . . . .
A <—M— two imaginary roots. Some penetrating solutions correspond to these

groups of roots.
For constructing the asymptotic of zeros of the second group we’ll seek
Z, (n =3,4,...) in the form of

zn:5+o(5). (16)
&

Substituting (16) in the variance equation (10) and transforming it with the help
of asymptotical expansions of the functions J,(x),Y,(x) for large z for &5, we have
sh?25, =0. (17)
We studied the asymptotical properties z of zeros of variance equation,
assuming that the frequency parameter A is finite when ¢ — 0. Consider the case when
A unboundedly increases when ¢ — 0 we’ll call such vibrations super high-frequency.
For such A the following statement is valid.
If A—>o when £—0, then for equation (13) the following limit cases are
possible
a) A ¢ >const when € >0 , (18)
b) L £ —>o when ¢ >0,
under which zeros of (13) unboundedly increase.
Consider case a). In this case (z~ A, Ae >const, ze —»constwhen £€—0)
we’ll seek z, and A in the form of
zn=ﬁ+o(g), a=to (19)
£ £
Substituting (19) in (10) and transforming it with the help of asymptotical
expansion of the functions J,(x),Y,(x) for large z and x, for &, we obtain the
following equation
Bish2B.sh2y, =0, (20)
where
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1-2v
6 = 52
" " 2(1

For the given A the equation (20) determmes the denumerable set z, .

zg, 52—

Finally in case b), denoting & by X,,Ae by Yy and using asymptotical

expansion of Bessel’s function, we can represent asymptotics of the variance equation
(10) at first member in the form of

pish2 B sh2y, =0, (21)
where
1-2v
B =% —myz N A L

As is seen the equation (20) is valid in case b), too.
Assuming r=1+¢7,—-1<7<1 and using the formulas (11), (12) we represent

asymptotical formulas for displacements and strains corresponding to roots of the
equation (17). For the series of roots ch’d =0 we obtain

P . a1 .
u, :ilnzz‘;cn5ﬁ[ch§nn+O(g)]Tn(H,(p)e' Lu, gZC 5.[shs,7+0(s) " sng' !
. > aT iot |2G Ia)t
uy =£i£Y.C,6,[sho, + OS2 e o, =J_r—26 C,[shs,n+0(e)] T, (0.0)'
n=1
0, =0(¢). 0, =+ 22 363, [ shé, 7 + O(e )T, (0. 0)e™" .
€ =l

Tro _+|2625 C,[chs,7+0(e )]a;; e,

n=1

@D

Trp

_+|2(325 C,[chs,7+0(e )]aaT ﬁ ot

. o [ar,
Top = ilgGZ5nCn[sh5nr7+ o(g)]%{ =

n=1

2 Irut
n(e,cp)} e (22)

For the series of roots sh>8 =0

z i z o, 1
=+Y C.6%|shs Ole)|T,. (6 lot =+¢» C 0, [chs 0] n___ gt
3,035, + O(e)]Ty 6.0)e™ . u, =£e3.C,0, [chon + O(e)| e
U, = £3.C,0, ehdr + O(e)| e oy =£725.51C, ehair + O(e)] T, (0.0

n=1

60 =0(c), 0, =23 53C, [ chan + O(e)]T, (0. 0)" " .

n=l1

Ty = iZGié'nzCn [shs,n+ o(g)]%e“”t ,
n=1

Tr(p

=izei5§cn[sh5nn+o(g)]m“ 1 gior,
n=l1

op sind

o 0| oT
Top = igGEé‘nCn [cha,n + O(g)]%{ 89”

n(e,@)]ie‘“". (23)
sind
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are obtained.
Here C, are arbitrary constants.

The problem on satisfaction of boundary conditions on end-walls of shell with
the help of a class of homogeneous solutions isn’t considered in the present paper. This
question is considered in [5] where with the help of the Hamilton variational principle,
the boundary value problem is reduced to a solution of an infinity system of linear
algebraic equations.
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