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SADIKHOVA F.S. 
 

ON A QUESTION OF EXISTENCE IN APPROXIMATION BY MIXED 
BILINEAR FORMS 

 
Abstract 

 
The existence of the best approximate functions in approximation functions of 

much variables with mixed bilinear forms are established. 
 
 The present paper is devoted to the questions of the best approximation by variety 
of mixed bilinear forms in space 2L  with the help of exact annihilator of approximate 
apparatus, which was constructed earlier in [1]. 
 The existence of the best approximating bilinear form is established. 
 By ( ) [ ]1;0,32 =IIL  we denote a space of real square integrable functions 
( ) RIzyxh →3:,,  

( )∫ ∞<=
3

22 ,,
I

def
dzdydxzyxhh . 

 Denote  

                                 ( ) ( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧

∈==Φ ∑
=

n

k
kkkknn ILgfzygyxfS

1

32;,, ,                             (1) 

where ( ) ( )2222 , ILgILf kk ∈∈ . 
 We define “scalar product” by the following rule: 

for all Iy∈  
                                                   ( ) ( )∫>=<

2

,v,v;,
I

dzdxzyyxuyu ,                                   (2) 

where ( ) ( )2222 v, ILILu ∈∈ . 
 Consider the best approximation of the function ( )32 ILh∈  by the set nΦ  
                                                             ( ) nn Shh

nn

−=
Φ∈

infρ .                                           (3) 

 Since ,...2,1,1 =Φ⊂Φ + nnn , then 
                                                            ( ) ( ) ...21 ≥≥≥ hhh ρρ .                                        (4) 
The main result is the following 
 Theorem. For every ( ) ( )32,, ILzyxh ∈  and Nn∈  there exists at least one 
function nnS Φ∈  satisfying the following correlation 

( )hSh nn ρ=− . 
 In order to prove the theorem we need the quantity 

                                     
( ) ( )

( ) ( )
,

,,,,

,,...,,
det

111

nnnn

n

n

zyxhzyxh

zyxhzyxh
hC MM=                                      (5) 

where njiIzIx ji ,1,,, =∈∈ . 
 We’ll establish series of auxiliary results: 
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 Lemma 1. 1) For every function ( ) nzyxh Φ∈,,  the following correlation is 
fulfilled 

( ) 0,,det **
1 =+ zyxhCn  for any 

                             ( ) ( ) IyIzzzIxxx n
n

n
n ∈∈=∈= +

+
+

+ ,,...,,,..., 1
11

*1
11

* ;                         (6) 
     2) if (6) is fulfilled for some 1≥n  an additionally 

                                                       ( ) 0,,det 00 ≠zyxhCn                                                  (7) 
holds for some nIx ∈0  and nIz ∈0 , then h  has the following form 

( ) ( )∑
=

n

k
kk zygyxf

1
,,  on 3I , 

where ( ) ( )2222 , ILgILf kk ∈∈ . 
 Proof of part I. Let h  have the form 

( ) ( )∑
=

≡
n

k
kk zygyxfh

1
,,  on 3I . 

We have to prove that for any 1*1* , ++ ∈∈ nn IzIx  determinant 
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

0

,,,,...,,,,
,,,,...,,,,

,,,,...,,,,
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zyxhzyxhzyxhzyxh
MMMM

. 

 This follows from [1], where in more general case, using exact annihilator, when 
bilinear form represents the sum of dual products of functions, whose sets of variables 
have non-empty intersection. A family of continuous operators θ∇   from ( )TC  in 
( )HC such, that the following correlation is valid ( ) ( )HfБf M

TC ∈∀=∇⇔∈ − θθ 01  

( )
( ) ( )
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M
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1
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1,
==⎟
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=
θ

 

is called on exact annihilator of the set  

( ) ( ) ( ) ( ) ( )
⎭
⎬
⎫

⎩
⎨
⎧

×∈×∈ϕϕ==Γ ∑
−

=

−
1

1
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M
C ZYCYXCzyyxTБ ψψββ . 

In [1] it was proved that f
M
∇  is an exact annihilator of bilinear form. 

 Proof of part II. Suppose that h  satisfied (6) and (7) for some integer 1≥n . We 
fix ( ) nn Ixxxx ∈= 00

2
0
1

0 ,...,,  and ( ) n
n Izzzz ∈= 00

2
0
1

0 ,...,, , satisfying (7) and use (6) with 
arbitrary ( ) *

11 ,,..., xxxx nn =+  and ( ) 11
*

121 ,,,,...,, +++ === nnnn xxzzzzzzz . 
 Then equality (6) will be written in the following form: 

                         

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
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,,,,...,,,,
,,,,...,,,,

,,,,...,,,,
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112111
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n
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n
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.                     (8) 

 Decomposing this determinant relative to the last row, we obtain 
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                       ( ) ( ) ( ) ( ) ( ) 0,,det,,,,,1 00

1

1 =+ϕ−∑
=

++ zyxhCzyxhzyzyxh ni

n

i
i

in ,                   (9) 

where functions RIi →ϕ 2:  have the following form 

( )
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                ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
,

,,...,,,,...,,

,,...,,,,...,,
,

111

1111111

zyxhzyxhzyxhzyxh

zyxhzyxhzyxhzyxh
zy

nininn

ii

i

+−

+−

=ϕ MMMM        (10) 

where ni ,2= . 
 Decomposing determinants ( ) nizyi ,1,, =ϕ  relative to the last column, we obtain  
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 Using (10) and mentioned above ijα  from the last correlation, we obtain 

                                   ( ) ( ) ( ) ( )⎟⎟
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j
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Note that (12) is decomposition at the form 

( ) ( )∑
=

n

i
ii zygyxf

1
,,  with ( )ii zyxhf ,,=  and ( ) njizyxhg

n

j
jijj ,1,,,,

1
==∑

=
α . 

 Lemma 1 is proved. 
 Lemma 2. Let ( )32 ILh∈ . We define mapping ( ) yKILB →32:  by the following 
rule 
                                 ( ) ( ) ( ) ( ) ( )∫==

2

,v,,,v,v,
I

y dzdxzyyxuzyxhuBuB .                         (13) 

Then h  is contained in nΦ  for given n  iff 
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( ) ( )

( ) ( )
0

v,...v,
.........

v,...v,

1111

1111

=

+++

+

nnn

n

uBuB

uBuB
                             (14) 

holds for any ( ) ( )22
121

22
121 v,...,v,v,,...,, ILILuuu nn ∈∈ ++ . 

 Proof. Necessity. Let nh Φ∈ , i.e.  

( ) ( )∑
=

=
n

k
kk zygyxfh

1
,, ,  

where ( ) ( ) nkILgILf kk ≤≤∈∈ 1,, 2222 . Using this in (13), we obtain 

( ) ( ) ( ) ( ) ( )∫∑∫
=

===
22 1

,v,,,vv,
I

n

k
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I
y dzdxzyyxuzygyxfdzdxhuuB  

( ) ( )[ ] ( ) ( )[ ] ( ) ( )∑ ∑∫ ∫
= =

=⎟⎟
⎠
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⎜⎜
⎝

⎛
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n
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k
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I
k

I
k GuFdzzyzygdxyxuyxf

1 1
v,v,,, , 

where 
( ) ( ) ( ) ( ) ( ) ( )dzy,zzygGdxyxuyxfuF

I
kyk

I
kyk ∫∫ == v,v,,, . 

So, ( ) nyuB Φ∈v,  consequently by lemma 1 equality (14) is fulfilled each time as soon as 

( )22
121 ...,,, ILuuu n ∈+  and  ( )22

121 v...,,v,v ILn ∈+  
holds. 
 Sufficiency. Let bilinear form (13) satisfy (14). Throwing out the trivial case 
( ) 0v, ≡uB  we obtain, that there exists such nk ≤≤1 , for which 

                                           
( ) ( ) ( )

( ) ( ) ( )
0

v,...v,v,
............

v,...v,v,

21

12111

≠

kkkk

k

uBuBuB

uBuBuB
                            (15) 

holds for some ( )22
21 ,...,, ILuuu k ∈ , ( )22

21 v,...,v,v ILk ∈ . 
 Without losing generality we take nk = .  

Then by lemma 1 B  has the following form  

                                                     ( ) ( ) ( )∑
=

=
n

k
kk GuFuB

1
vv, ,                                            (16)  

where  

( ) ( )∑
=

=
n

i
ikik uBcuF

1
v,  and ( )∑

=
=

n

i
ikik uBG

1
v,α , 

where kic  and kid  are corresponding constants. 
 Using inequality (13), we obtain 
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i
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dxdzzyzyxhcyxudxdzzyyxuzyxhc
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I
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where 
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( ) ( )∫=
I

k dzy,zzyg v, , 

where 

( ) ( ) ( ) dxyxuzyxhdzyg j
I

n

j
kjk ,,,,

1
∫∑

=
= . 

Taking into account all that in (16) we obtain 

( ) ( ) ( ) ( ) ( ) ( ) === ∑∫
=

n

k
kk

I

GuFdzdxzyxyuzyxhuB
1

v,v,,v,
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= =

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
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⎜⎜
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⎛
=
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k I
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k
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I I
kk dxdzzyyxuzygyxfdzzyzygdxyxuyxf
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,v,,,,v,,,  

for any ( ) ( )2222 v, ILILu ∈∈ . 

 The last equality is possible only if representation ∑
=

⋅=
n

k
kk gfh

1
 takes place on 

2I  almost everywhere from which it follows, that nh Φ∈ . Lemma 2 is proved. 
 Lemma 3. Family of function nΦ  represents a closed subset of a Hilbert space 

( )32 IL  for each Nn∈ . 
 Proof. Let Nn∈  be fixed and { } nkkh Φ⊆∞

=1  be any sequence weak convergent to 

the function ( )32
0 ILh ∈ , i.e. >>→<< hhhhk ,, 0  as soon as ∞→k , for any ( )32 ILh∈ . 

 Particularly, let ( ) ( )v,v, 0 uBuBk →  as soon as ∞→k , where 
( ) ∫=

2

vv,
I

kk dxdzuhuB  for any ( )22 ILu∈  and ( )22v IL∈ . 

 Since nkh Φ∈  for any 1≥k , then by lemma 2 we obtain that equality (14) is 
fulfilled at fixed ( )22

121 ,...,, ILuuu n ∈+  and ( )22
121 v,...,v,v ILn ∈+  for each kBB = . 

 Let ∞→k  in (14) with kBB = . 
 We obtain 

( ) ( )
( ) ( )

( ) ( )

0

v,...v,

v,...v,
v,...v,

110110

120120

110110

=

+++

+

+

nnn

n

n

uBuB

uBuB
uBuB

MM
. 

 Since ( )22
121 ,...,, ILuuu n ∈+  and ( )22

121 v,...,v,v ILn ∈+  in (14) are arbitrary by 
lemma 2 we obtain, that nh Φ∈0 . 
 The lemma is proved. 
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 Proof of the theorem. We fix ( )32 ILh∈  and Nn∈ . Choose sequence 

{ } nk
k
nS Φ⊆

∞

=1  such, that 

                                                  ( )hSh n
k
n ρ→−  at ∞→k .                                        (17) 

This sequence is bounded in ( )32 IL  because of  

1, ≥−+≤ khShS k
n

k
n . 

 Since any bounded subset of a Hilbert space is weak compact, there exists 

sequence { }∞=1j
k
n

jS  weakly convergent to the function ( )320 ILSn ∈ . Then, on the basis of 

lemma 3, we obtain nnS Φ∈0 . 
 By definition 

( ) nSn Shh
nn

−=
Φ∈

infρ  

and on the basis of (17) 
                                                ( ) jk

nnn ShhSh −=≥− inf0 ρ                                        (18) 

holds. 

 On the other hand, function 0
nSh −  is a weak limit of the sequence { }∞=− 1j

k
n

jSh , 

whence it follows that 
0lim n

k
nj

ShSh j −=−
∞→

. 

Comparing the latter with (18), we obtain 
( )hSh nn ρ=− 0  

and the theorem is proved. 
 In conclusion note, that the proved theorem contains corresponding result of 
Jaromira Шимша [4] who considered case of approximation by bilinear forms with 
separated variables, i.e. when ( ) ( ) ( ) ( )zgzygxfyxf iiii ≡≡ ,,, . 
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