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THE ASYMPTOTIC BEHAVIOR OF EIGENVALUES OF ONE BOUNDARY 
VALUE PROBLEM FOR A DIFFERENTIAL-OPERATOR EQUATION OF THE 

SECOND ORDER WITH DISCONTINUOUS COEFFICIENT 
 

Abstract 
 

 At the paper the asymptotic formulas are got for eigenvalues of one boundary 
value problem for differential-operator equation of the second order with discontinuous 
coefficient. 
 
 Let H  be a separable Hilbert space. Let’s consider in H  the equation 
                               ( ) ( ) ( ) ( ) [ ) ( ]1,,0,0 bbxxuxAuxuxa U=Ω∈=−−′′− λ                    (1) 
with the boundary conditions  

( ) ( ) 000 211 =′+≡ uuuL αα , 
                                                   ( ) ( ) 011 212 =′+≡ uuuL ββ ,                                             (2) 
where A  is a self-adjoint positive definite operator in ( )ICAAH 2* ≥=  with the 
determination domain ( ) λ,AD  is a spectral parameter  
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( )2,1, =iii βα  are real numbers, moreover 0, 12 ≠βα . Let’s superpose at the point 

bx =  the additional condition (conjugation condition) on the function ( )xu  
( ) ( ) 000 213 =++−≡ bubuuL δδ , 

                                             ( ) ( ) 000 214 =+′+−′≡ bubuuL γγ ,                                      (3) 
where ( )0−bu  and ( )0+bu  are left and right limit values ( )xu  at the point ,, ibx δ= iγ  
( )2,1=i  are real numbers 0, 21 ≠γδ . 
 Let’s denote by ( )( )HL ;1,02  a set of all vector-functions ( ) ( ) Hxux →→ 1,0:  

strongly measurable and such that ( ) ∞<∫
1

0

2 dxxu H . As known ( )( )HL ;1,02  is Hilbert 

space with respect to scalar product 

( ) ( )( ) ( ) ( )( )∫=
1

0
;1,0 ,,

2
dxxxuu HHL ϑϑ . 

 Let ICAA 22 ≥=  in H . Since 1−A  is bounded in H , then 
( ) ( ) ( ){ }

HAH AuuADuuAH =∈= ,:  

is a Hilbert space whose norm is equivalent to the norm of the graph of the operator A . 
 Let’s associate to (1)-(3) the operator L  defined by the equalities 
( ) ( )( ) ( ){ :41,0,,;2

2 xuuLHAHWD =÷==Ω= ννL  of almost all ( ) ( )ADxux ∈Ω∈ , 
( )xAu , ( ) ( )HLxu ;2 Ω∈′′  and satisfies the conditions (2) and }(3) , 

( ) ( ) ( )xAuxuxau +′′−≡L . 
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Let’s agree to write in the form { }21,uu  every function ( )HLu ;2 Ω∈  whose contraction 
which on the ( )( )HbL ;,02  and ( )( )HbL ;1,2  coincides with ( )xu1  and ( )xu2  respectively. 
 Then the equation (1) splits to the system of differential-operator equations of the 
second order at the direct sum ( )( ) ( )( )HbLHbL ;1,;,0 22 ⊕≡H  

( ) ( ) ( ) [ ) ,,0,1111 bxxuxAuxua ∈=+′′− λ  
                                          ( ) ( ]1,,2222 bxuAuxua ∈=+′′− λ                                           (4) 
and the boundary conditions (2) and (3) correspondingly take the following form: 

                                                  
( ) ( )
( ) ( ) ,011

,000

22212

12111

=′+≡
=′+≡

uuuL
uuuL

ββ
αα

                                          (5) 

                                                  
( ) ( )
( ) ( ) .0

,0

214

22113

=′+′≡
=+≡

bubuuL
bubuuL

γγ
δδ

                                           (6) 

It is known that the direct sum ( )( ) ( )( )HbLHbL ;1,;,0 22 ⊕≡H  is a Hilbert space with the 
second scalar product 

{ } { }( ) ( ) ( )( ) ( ) ( )( )HbLHbLuuuu ;1,21;,0212211 22
,,,,, ϑϑϑϑ +=H . 

The aim of the given paper is to study the asymptotic distribution of eigen-values of the 
operator L  knowing the asymptotic distribution of eigen-numbers of the operator A . In 
case when ( ) 1≡xa  an asymptotics of eigen-values of some boundary value problems for 
the Stourm-Luiville equation on a finite segment was studied in the papers V.I. 
Gorbachuk, M.l. Gorbachuk [1], V.I. Gorbachuk [2], V.A. Mikhaylec [3], V.I. 
Gorbachuk, M.A. Ribak [4] and others. 
 In the paper by O.Sh. Mukhtarov’s [5] the asymptotic behavior of eigen-values of 
the conjugation problem was investigated for ordinary-differential equation of the second 
order. 
 Theorem. Let 
1. ICAA 2* ≥=  in H  and 1−A  be completely continuous in H ; 
2. ( )2,1,,, =iiiii γδβα  be real numbers, moreover 0,,, 2112 ≠γδβα , 

112221 ,, γδδγ aa = ; 

3. 0122211 ≠+ γδγδ aa . 

Then the eigen-numbers of the problem (1)-(3) form two infinite sequences 2
,

1
, , knkn λλ  

( ),...2,1, =kn  with the asymptotic  

nkknnkkn ξµλγµλ +=+= 2
,

1
, , , 
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and ( )Akk µµ =   are eigen-values of the operator A . 
 Proof. Let’s consider the equation ( ) 0=− uIλL  in the space H . Since the 
equation ( ) 0=− uIλL  is reduced to the boundary value problem (4)-(6), then it is 
evident that it is sufficient to find eigen-numbers of the spectral problem (4)-(6) for 
finding the eigen-numbers of the operator L . 
 Let’s denote by kϕ  the eigen-elements of the operator A  corresponding to the 
eigen-values ( )Akµ . It is known that the { }kϕ  forms the orthonormalized basis. Then 
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allowing for the spectral distribution for the coefficients ( )kk uu ϕ= ,11  and ( )kuu k ϕ= ,22  
we’ll get the following problem: 
                                    ( ) ( ) ( ) [ )bxxubxu kkk ,0,0111 ∈=−+′′− λµ ,                                 (7) 
                                         ( ) ( ) ( ) ( ]1,,0222 bxxubxu kkk ∈=−+′′− λµ ,                              (8) 
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where ( )2,11
== i

a
b

i
i . 

 The general solution of the ordinary differential equations (7)-(8) 
correspondingly has the following form: 
                                           ( ) ( ) ,11

211
λµλµ −−−−− += kk bxbbx

k ececxu                            (11) 

                                           ( ) ( ) ( ) ,22 1
432

λµλµ −−−−−− += kk bxbbx
k ececxu                       (12) 

where ( )41÷=ici  is an arbitrary constant. 
 Substituting (11) and (12) in (9) and (10), we’ll get the system with respect to the 

( )41÷=ici  whose determinants has the form 

( )

44434241

34333231

2423

1211

00
00

aaaa
aaaa
aa

aa

K =λ , 

where ( )λµαα −−= kba 12111 , ( )( ) ( )λµλµαα −−−+= kbb
k eba 1

12112 , 

           ( )( ) ( ) ( ) ( ) 12224
1

22123 ,2 βλµβλµββ λµ +−=−−= −−−
k

bb
k baeba k , 

           ( ) ( ) ( )λµλµ δδδδ −−−−− ==== kk bbbb eaaaea 21 1
234233132131 ,,, ,  

           ( ) ( ) ( ) ,, 11421141
1 λµγλµγ λµ −=−−= −−

k
bb

k baeba k  

           ( ) ( ) ( ) λµλµγλµγ −−−−=−−= kbb
kk ebaba 21

22442243 , . 
 Calculating ( )λK  we’ll get 

( ) ( )( ) ( )( ) ( )[ ]×−+−−−= −− λµλµααλµααλ kbb
kk ebbK 12

121121  

( )( ) ( ){ ( ) ( ) ( )( )[ −−++−−−−× −−− λµββλµγδλµββ λµ
k

bb
kk bebb k

221
12

221221
22  

( )( ) ( ) ( ) ]( ) }−−−−−−− −−− λµγδγδλµββ λµ
k

bb
k bbeb k

112221
12

221
2  

( )( ) ( )( ) ( ) ( )[ ]×−−−−+− −−− λµλµββλµββ kbb
kk ebb 212

2212212  

( )( ) ( ) ( )λµλµδγλµαα −−−−+× kbb
kk ebb 1

121121 . 
Then it is evident that the eigen-values of the problem (4)-(6) (of the operator L ) there 
are zeros of the following equations 
                      ( )( ) ( )( ) ( ) 012

121121 =−−−−+ −λµλµααλµαα kbb
kk ebb ,                  (13) 
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                  ( )( ) ( )( ) ( ) ( ) 0212
221221 =−+−−− −− λµλµββλµββ kbb

kk ebb .               (14) 
 Thus, the spectrum of the operator L  consists of such real kµλ ≠  which if only 
at one k  satisfy the equations (13), (14). Let’s search the eigenvalues of the operator L  
less kµ . Let’s denote by yk =− λµ . The equation (13) in this case is equivalent with 
the equation 

                                                 k
yk ye

yk
yk µ<<=

−
+ 0,2

1

1 ,                                       (15) 

where 0, 12
12

1
1 >= bbk

b
k

α
α . 

 Let’s prove the absence of solutions of the equation (15) on the interval ( )kµ,0  
by the methods of analysis. Let’s denote by ( )yf  the left hand side of the equation (15) 

and make its investigation: by ( ) ( )
( )

,2,, 2
1

1
1

1

1

yk
kyfky

yk
ykyf

−
=′≠

−
+

= ( )=′ yfsign  

( )21,ααsign= , then ( )yf  increases when 021 >⋅αα  and decreases when 021 <⋅αα , 
( ) 10 =f , ( ) ( )∞+⋅=

−→ 101

lim ksignyf
ky

, ( ) ( )∞−⋅=
+→ 101

lim ksignyf
ky

, ( ) 1lim −=
∞→

yf
y

. 

 So, in case kµλ <<0  the equation (13) has the solution when 021 <⋅αα . When 
021 >⋅αα  the equation (13) may have only one zero on ( )1,0 k . 

 Denoting by 0y  this zero and substituting 01 yyy −=  we’ll get the equivalent 
equation which will not have the zeros. 
 In the second case, i.e. when kµλ >  the equation (13) is equivalent to the 
equation 

zb
zbbctg

12

1
1 α

α
= , 

where ∞<<−= zz k 0,µλ . 
 Let’s consider the function  

( ) ( )
zb

z
zb

zbbctgz k
k

1212

1
1 αα

αϑ ϕ
=−= , 

( ) 1112 αα −=ϕ zbbctgzbzk . 
 The zeros of the functions ( )zkϕ  and ( )zkϑ  coincide. The function ( )zkϕ  is 

determined on ( )+∞,0  except the points ( ),...2,11 == nnzbb π , i.e. 
1bb

nz π
≠ . Since at 

every interval ( )
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +

11

1,
bb

n
bb

n ππ  ( )nkϕ  run from ∞−  to ∞+  and it’s derivative 

( ) ( )
zbb

zbbzbbb
zk

1
2

1112

sin
22sin −

=ϕ′
α

 

is positive when 02 <α  (negative when 02 >α ) then on it the ( )zkϕ  has only one zero 

knz , : 
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( ) ( ),...2,11

1
,

1

=
+

<< n
bb

nz
bb

n
kn

ππ . 

 Consequently, the first series of eigen0values we can represent in the following 
form: 

,1
. nkkn γµλ +=  

where 22
2
1~ n

b
a

n πγ . 

 Zeros of the equation (14), which corresponds to the second series of eigen-
values are investigated, analogously. 
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