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THE ASYMPTOTIC BEHAVIOR OF EIGENVALUES OF ONE BOUNDARY
VALUE PROBLEM FOR A DIFFERENTIAL-OPERATOR EQUATION OF THE
SECOND ORDER WITH DISCONTINUOUS COEFFICIENT

Abstract

At the paper the asymptotic formulas are got for eigenvalues of one boundary
value problem for differential-operator equation of the second order with discontinuous
coefficient.

Let H be a separable Hilbert space. Let’s consider in H the equation
—a(x)u"(x)- Au(x)— Au(x)=0, xeQ=[0,b)U(b,1] (1)

with the boundary conditions

Lu=au(0)+a,u'(0)=0,

Lou = gu(l)+ Au'(1)=0, )
where A is a self-adjoint positive definite operator in H (A =A">C?%l ) with the
determination domain D(A) , A is a spectral parameter

)= {al >0, xe[0,b), be(0,1),
a,>0, xe(bl], a #a,,
o, B (i = 1,2) are real numbers, moreover «,, f, #0. Let’s superpose at the point
X =b the additional condition (conjugation condition) on the function u(x)
Lu=su(b—0)+5,u(b+0)=
Lu=yu(b-0)+y,u'(b+0)=0, 3)
where u(b —0) and u(b+0) are left and right limit values u(x) at the point x=b, &,,
(i=1,2) are real numbers &,, y, #0.
Let’s denote by L,((0,1;H) a set of all vector-functions x — u(x):(0,1)— H

1
strongly measurable and such that I ||u(xl|i| dx<o. As known L, ((0,1);H) is Hilbert
0

space with respect to scalar product

I
UI9L201 j
0

Let A=A>>C?l in H . Since A" is bounded in H , then

= e D(A) ful,, = [Adl,

is a Hilbert space whose norm is equivalent to the norm of the graph of the operator A.
Let’s associate to (1)-(3) the operator L defined by the equalities

D(L)=W2(H(ALH,Lu=0,v=1+4)={u(x): of almost all xeQ u(x)eD(A),
Au(x), u"(x)e L,(Q;H) and satisfies the conditions (2) and (3) },

Lu=-a(x)u"(x)+ Au(x).
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Let’s agree to write in the form {u,,u,} every function u e L,(Q;H) whose contraction
which on the L,((0,b};H) and L,((b,1);H) coincides with u,(x) and u,(x) respectively.

Then the equation (1) splits to the system of differential-operator equations of the
second order at the direct sum H=L,((0,b)H)@® L,((b,1);H)

—au/(x)+ Au,(x)=u,(x) , xefo0,b),

—a,ul(x)+ Au, = Au, , xe(bl] (4)

and the boundary conditions (2) and (3) correspondingly take the following form:
Lu=au,(0)+a,u;(0)=0,

Lu= Ay, (())+ﬂ2 ((; )
L,u=o,u,(b)+o,u
Lu=7u(b)+ 7ub)=0. ©)

It is known that the direct sum H=L,((0,b};H)® L,((b,1);H) is a Hilbert space with the
second scalar product

(fu, 9 1 {us, 9 = (uy,u, )Lz((O,b);H) +(4,9, )Lz((b,l);H )
The aim of the given paper is to study the asymptotic distribution of eigen-values of the
operator L knowing the asymptotic distribution of eigen-numbers of the operator A. In
case when a(x)zl an asymptotics of eigen-values of some boundary value problems for

the Stourm-Luiville equation on a finite segment was studied in the papers V.L
Gorbachuk, M.I. Gorbachuk [1], V.I. Gorbachuk [2], V.A. Mikhaylec [3], V.L
Gorbachuk, M.A. Ribak [4] and others.

In the paper by O.Sh. Mukhtarov’s [5] the asymptotic behavior of eigen-values of
the conjugation problem was investigated for ordinary-differential equation of the second
order.

Theorem. Let

1. A=A">C?l in H and A™' be completely continuous in H ;
2. a;,B,6,7 (i=12) be real numbers, moreover  a,,f,.5,,7,#0,
a;,7,,0, =8,0,7,;
‘\/a_5172 + a25271‘;”&0-
Then the eigen-numbers of the problem (1)-(3) form two infinite sequences /Ink,/lf,,k
(n,k =1,2,...) with the asymptotic

lln,k =T Vn s /1r21,k = Hy +§n!
where

& 2.0 & 20
—7 , &~ °n<,
b2 n (l—b)2
and z, = 1, (A) are eigen-values of the operator A.
Proof. Let’s consider the equation (L —Al)u=0 in the space H. Since the

Vn~

equation (L - A )u =0 is reduced to the boundary value problem (4)-(6), then it is

evident that it is sufficient to find eigen-numbers of the spectral problem (4)-(6) for
finding the eigen-numbers of the operator L .
Let’s denote by ¢, the eigen-elements of the operator A corresponding to the

eigen-values 4, (A) It is known that the {(pk} forms the orthonormalized basis. Then
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allowing for the spectral distribution for the coefficients u,, = (ul,(pk) and U, = (uz,(pk)
we’ll get the following problem:

= uy, (x)+ by (24 —i)uw( ) 0, Xe[O,b), (7
— U, (x)+ b, (4 = A)u, (X)=0a xe(b.1], (®)
Uy (0)+a2u1k( ) 0, ©)
ﬂ1uzk(l)+ﬁz 2k(1) 0,
S,uy (b)+ 8,u,, (b)=0,
10
7, (0)+ 7, (0) =0, 1o

where by =ai (i=12).
i
The general solution of the ordinary differential equations (7)-(8)
correspondingly has the following form:

Uy, (x)= cle’x*/EV Hh cze‘(b‘x)ﬁ”“k‘l , (11)
Uy (X): C3e*(X*b)\/Evﬂk*/1 + C4e*(1*X)\/EVﬂr]~ , (12)

where ¢; (i =1+ 4) is an arbitrary constant.
Substituting (11) and (12) in (9) and (10), we’ll get the system with respect to the
¢; (i=1+4) whose determinants has the form
a, a, 0 0
K(2)= 0 0 a; ay ,
83 8 8y Ay
8y Qyp 8y Ay

where a,, =, — b (4 — 1), a, = (0‘1 +a2 b, (12, —ﬂ))e_b by (142 ,

(ﬂ1 ﬂz\/ 2(/1k 5}9 (0N ~2) = p,4/b 2(ﬂk_/lj+ﬂ1’

a31=5lebb1(#k ) 32—51,833—52,334259( )bz(#k—ﬂ),

a41:_7/1\/b1(:uk_/156 e 1)53-42:71 byl —4),
Ay =—}/2\/b2(,uk —ﬂ), Ay =7, ,bz(/'lk —l) e—(l—b)\/gx/ﬂkj'

Calculating K(4) we’ll get
K(2)=lar — it = ) et + ety oy — 2) o 2P0
208, = o,y = D)oy (i — e >N 4[5, 4, o i — 2)-
—( 1 —ﬂzm)e_z(l_b)m J(— 8,724by = 8,14l W}—
R X ) R o ) L

~bfb, (4
x(a1+a2\/bl(,uk _/1))7/152\/b1(,uk _i)e g )-
Then it is evident that the eigen-values of the problem (4)-(6) (of the operator L ) there
are zeros of the following equations

(al + a4l — 4 )— (al — by (11 —/ﬂ)eZb hlu) Z g, (13)

X
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(8, = b (g = 1))~ (8, + Bofs (= 2)) 200D (14)

Thus, the spectrum of the operator L consists of such real A # x4, which if only

at one Kk satisfy the equations (13), (14). Let’s search the eigenvalues of the operator L
less g . Let’s denote by /4 — A =Y. The equation (13) in this case is equivalent with

the equation

%zekzy L 0<y <A, (15)
where k, = kb\/_>0

ol

Let’s prove the absence of solutions of the equation (15) on the interval (O, Hy )

by the methods of analysis. Let’s denote by f(y) the left hand side of the equation (15)

and make its investigation: by f(y):M, y=k,, f'(y)zz—klz, sign f'(y)=
ki -y (ki =)

=sign(e,,@, ), then f(y) increases when «, -a, >0 and decreases when «,-a, <0,
f(0)=1, liinof(y)zsign k, - (+0), lim f(y)=signk, -(-), lim f(y)=-1.
y—k - y—k+ y—o0
So, in case 0 <A <y, the equation (13) has the solution when ¢, -, < 0. When
a, - a, >0 the equation (13) may have only one zero on (O,kl).
Denoting by Y, this zero and substituting y, =y —Y, we’ll get the equivalent

equation which will not have the zeros.
In the second case, i.e. when 4>, the equation (13) is equivalent to the

equation

tg i ,—

Let’s consider the function

b _ 2 _ (pk()
=cig byb bz apbz

z):az\/_lzctg byb z-a,.

The zeros of the functions ¢, (Z) and 9, (Z) coincide. The function ¢, (Z) is

determined on (0,4+00) except the points b\/EZ =nz(n=12,.), ie z# n Since at

b\/itz)_l'
(n+1)z

. 7z . N
every interval [T \/_ J @ (n) run from — to + 00 and it’s derivative

ol az\/_(s1n2b\/_z—2b\/_z)
sin b\/_ z

is positive when a, <0 (negative when a, >0) then on it the ¢, (Z) has only one zero

zn’k :
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nrz (n + 1)7[
— <7, <— n=12,..).
byo, ™ byb ( )
Consequently, the first series of eigenOvalues we can represent in the following
form:

ﬂ’i].k =t Y,

a
where y, ~ —éirznz .
b

Zeros of the equation (14), which corresponds to the second series of eigen-
values are investigated, analogously.
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