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KHUDAVERDIYEV K.l., AZIZBEKOV E.I.

INVESTIGATION OF GENERALIZED SOLUTION OF ONE NONSELF-
ADJOINT ONE-DIMENSIONAL MIXED PROBLEM FOR A CLASS OF SEMI-
LINEAR PSEUDO-HYPERBOLIC EQUATIONS OF THE FOURTH ORDER

Abstract

At the paper one nonself-adjoint one dimensional mixed problem was
investigated for one class of semi-linear pseudo-hyperbolic equations of the fourth order.
The idea of generalized solution of considering mixed problem is introduced. By view of
Bellman inequality the theorem on uniqueness on the whole of generalized solution was
proved. Further, by the combination of generalized principle of condensed mappings by
Shauder principle on fixed point the theorem of existence in a little of generalized
solution was proved.

Besides by view of strong Shauder principle on fixed point the theorem on
existence on the whole of generalized solution of considering mixed problem was proved.

The paper is devoted to the investigation of the existence and uniqueness of
generalized solution of the following nonself-adjoint one-dimensional mixed problem for
a class of semi-linear pseudo-hyperbolic equations of the fourth order

Uge (£, X) + Uy (£ X) = @ - Uy (8. X) =

= F(t, ,u(t, x), u (t, )t (£, X), Uy (£ %), Uy (£ %), U (£, X)oU (£,X)) (0 < ESTL0 < x 1), (1)

u(0,x)=@(x) (0 < x<1), u (0,x)=w(x)(0< x<1), (2)

U(t,0)=0, u, (t,0)= U, (t.1), Uy (£,0)= 0, U, (£,0) = Uy, (1) (0< < T), 3)
where a >0 is a fixed number; 0<T <+o0; F, @, iy are given functions, and u(t, X) is

the desired function, moreover under the generalized solution of the problem (1)-(3) we
understand the following.

Definition. Under the generalized solution of the problem (1)-(3) we understand
the function u(t,x) having the properties:

a) ult,x), u, (t,x), u (& %),u, (t, x),u, (t, ), u, (t, x) € [0, T]x[0.1]),

U (£ X), U (£, %), U (8. ) € CLO. T L, (0.1));

b) both initial conditions (2) and the first three from the boundary conditions (3) are
satisfied in usual meaning;

¢) theintegral identity

0 €M )0 00, 5] M )~ F )V )bt =0—

is fulfilled for any function V(t,x) having the properties
V(t,x)e Of0,T]x[0,1]), V, (t,x)e L{0,TEL, (0,1), V(t,0)=V(t,1) vte[0,T], (5)
where
Fu(tx)=F e xoult x)u (6 x)u, (6 x) g (6 ) ug (8 X)L gy (£ XD U, (X)) (6)
First of all let’s denote the following works in some sense connected with the
given paper. At the paper [1] the problem
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Ugg (£, X) + Uy (1, X) = @ - Up (£, X) = F(t, x,u(t, X)) (0<t < T, 0< x < 7)), (7)
u(0,x)=@(x) (0 < x<7),u,(0,x)=w(x) (0<x<7x), (8)
u(t,0)=u(t,z)=u,(t,0)=u,(t,7)=0(0<t<T) )

is considered, where « > 0 ; the theorem on the existence and uniqueness of a generalized

solution of the problem (7)-(9) is constructed and the continuous dependence (in a certain

sense) of the generalized solution of the problem (7)-(9) from the parameter « is studied.
And at paper [2] the existence of @ periodic solution of the problem

Ug (£, %)+ F (U (t.%)),, — @ U (8. %) = 9 (2. %), (10)
u(t,0)=u(t,7)=u,(t,0)=u,(t,z)=0 an
is proved, where o >0 is a given constant; g is a given function, @ is periodic by t; F

is Ishlinski operator. Let’s denote also that the equation (10) describes the forced
transverse vibration of an elastico-plastic pivot.

81. Auxiliary facts.

Let’s cite some known facts to investigate the problem (1)-(3).
1. The next lemma is true.
Lemma 1 (see [3], p.297). The sequences of the functions
Xo(X)=X, ooy Xy (X)=xcOS27kX, X, (X)=sin272kX , .., (12)
and
Y, (x)=2, ..., Yy, (X)=4cos2zkx, Y, (x)=4(1-x)sin2zkx, ...  (13)
form in L,(0,1) biorthogonal system of functions.
At the given paper essentially the following is used.

Theorem 1 (see [3], p.298-299). The sequence of the functions (12), i.e. the
system

X, XCOS27 X, sin 27X, ..., Xcos2zw kx, sin27 kx, ... (14)
forms the basis at the space L,(0,1) and for any function L,(0,1) the estimations
3 2 X 2
Z” f (X)" L,(0,1) < kZ:(:) sz < 16" f ”LZ(O,I)’ (15)
where
1
f = [ £ (<)Y, (x)dx (k=0.1...) (16)
0
are true.

2. Since by theorem 1 the system (12) forms a basis in L, (0,1) and by lemma 1
the system (12) and (13) form in L, (0,1) a biorthogonal system functions then it is
evident that every generalized solution u(t, X) of the problem (1)-(3) has the form:

u(nx):éuk(t)xk(x), (17)

where
1

U (t)=Jult. Xy, (Jax  (k=0.1,...). (18)

0
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After applying the formal scheme of Fourier method for finding the functions
U (t) (k=0,1,...) is led to the solution of the following countable system of non-linear
integro-differentiable equations:

0o(®)= 00 + v -t + ] [t~ 2Pl XV (X (< [0.T]. (19)

u (t)—(P Cosﬂt-i-w m-sin 4k
2k-1 2K-1 m X 42k J1+dar?k?

* ,”F u(z, X)) ( )Smﬂ(t —7)dxdr
(k=

t+

2k2\/1+4057r k? 0 V1 +4dar’k?

1,2,..;te[0,T]), (20)
U (t)=—(p 4ﬂk-(1+2a7r k? ) 4r’k? £+ @,y cOS 4r’k? t
* ! {1+ daz’k a0 s dark
~ L+2an’k?  |Nl+dar’k® . 4c’k® o 4n’k? |
Vo ”k(1+40”72k2) 4’k Vl+40m V1 +4ar’k?
V1+dar’k? . 4r°k* a ¥
+ Wy PR sin \/ t— 3 ”F TX)Y2k1 X)
a 1+ dar’k? (1+4a 2,2, 00

-k
wsin—7K (¢ yxdr (”“”2")}ij (o), ()
0L00

V1+dar’k? 7Z'k( +dar’k? )2

4r*k? 1

xsin—(r—a)dxda}sinﬂ(t —7)dr + X
V1+4dar’k’ V1+dar’k’ 47K A1+ dan’k’

X j.j. F(u(z,x))Y,, (X)sinﬂ(t —7)dxdz (k=12,.;te[0,T]), (1)
00

V1+4dar’k?

where

00 = [, (., = [w(x)¥, () (k=0L..). 22)

and the operator F is determined by the relation (6).

Further, starting from the determination of generalized solution of the problem
(1)-(3), the following is proved.

Lemma 2. If u(t,x)ziuk(t)xk(x) is any generalized solution of the problem

(1)-(3), then the function u, (t)=[u(t,x)¥, (x)dx (k =0.1,...) satisfy on [0,T] the system
0
(19)-(21).
3. At suppositions

o(x)eCV(0.1]), ¢"(x)< L,(0.1), ¢(0)=0. ¢(0)=
v(x)eC([01). v (x)e L, (0.1), y(0)

the validity of the estimations are proved
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Z( k- l)z< " m ]||_201 > Z(kS(sz ” m (Xlﬁz(o,l); (25)

k=1 k=1
2w < el B kZ;(k%k 2l 00-2 0 29
where the numbers o, , ¥, (k =0,1,.. ) are determmed by the relation (22).
4. Let’s denote by B2 . ﬁ . the totality of all functions u(t,x) of the form
u(t,x)= Zuk(t)xk(x) 27

considering on [0 T] [0 1] for which all functions u, (t)e C ([O T]) and

JT(U)EIZIO:{((r)naxu( (X)H +Z(ka' max|ull) ()()ﬂ +Z(k“' -max|u

<t<T 0<t<T 0<t<T

1

ul(t )1)5} <40, (28)

where functions Xk( )(k = O,l,...) are determined by the relation (12), 1 >0 is an integer,
o;20,1< 5, <2 (i =0_,|) Let’s determine the norm on this set so: ||u||= JT(U). It is
evident that all these spaces are Banach spaces.

In the further for the functions u(t,x)e BZ,’” """""" Z '+ we’ll use the notations

() (7 X)ﬂ +Z(ka max

0<z<t

o) }

(OStST). (29)

u(() (TX)ﬂ +Z(k " max|u

0<r<t

|
o EZ{max

<7<t

Further for the function u(t,x)= iuk(t)xk(x) U (t) we’ll call the function its

totality of Kk -th components all functions from M . The followmg is true

Theorem 2. For the compactness of the set M < By~ in By, it is

necessary and sufficient the following two conditions are to be fulfilled:
a) vk (k=0,1,..) theset M, is compactin C")([o,T));

b) Ve>0 exist k, the same for all u(t,x)= ZUK(t)Xk(x), such that
k=0

1

u2k1 )ﬂ Z(k' max‘uﬁ'&(j)ﬂi}ﬂi<g YueM .

0<t<T

Sk e

i=0 | k=k O=t<T

Further, at the given paper we often use the estimation

vueBor [ulg, < _\/_ Jullgy, 0<t<T). (30)
5.Let f(x)eL,(0,1). Then
4
HO TSNS (31
k=0

where the numbers f, (k = 0,1,...) are determined by the relation (16).



Transactions of NAS Azerbaijan 143
[Investigation of generalized solution]

f(x)e (o)) f(x)e L,(0) and f;+§< ] +§<k f ) <400

Then ) )
||f’(xl|i o) S (1+3” ){fonfki(k' fzk—1)2+k§;(k fo S } (32)
Let f(x)eCV(0]) ' (x)eLy(0.1) and 2+ (k2 frsf + S (k2 £y f <400,

Then

k=1

[0 o < 8722+ 37:2){ £2 4 é(kz S+ 3K 1y )2} . (33)
Let f(x)eC?(01] f"(x)eLy(0.) and 12+ 3 (K oy, f + 3k oy f <400,

k=1 k=

Then

|| f ”’(Xlﬁz(o,l) < 4872'4(3 + 2ﬂ_2>{f02 + i(kg’ . fzk—l)z + é(kg’ . f2k )2} . (34)

6. In conclusion of this paragraph let’s agree to suppose everywhere all values at
this paper as real, all functions- real- valued, and integral everywhere understand in
Lebesgue meaning.

82. The investigation of uniqueness of generalized solution
of the problem (1)-(3).

By view of the Belman inequality the following theorem on uniqueness in the
whole of generalized solution of the problem (1)-(3) is proved.
Theorem 3. Let

L F(tXUpets )€ C0.T] [01]x (- 00,00) ).
2. VR>0in [0,T]x[0,1]x[- R,R} x (- c0,00)’

IF(t.x,uy,..u; )= F(t,x, 0., T | < Cq Z|u

(35)

where Cg >0 is a constant.
Then the problem (1)-(3) can’t have more than one generalized solution.

83. The investigation of existence in small the generalized solution
of the problem (21)-(3).

At this paragraph by the combination of generalized principle of condensed
mappings by Shauder principle on a fixed point, the following theorem of existence in a
little (i.e. true at the sufficiently little values T ) generalized solution of the problem (1)-
(3) is proved.

Theorem 4. Let

L o(x)ec?(01]), ¢"(x)eL,(0,1) and ¢(0)=
w(x)ec? (0.1, v ()GL(Ol)andt// 0)=
2. Ft,xU,,..u c([OT] [0,1] (= o0,20)" ).

0, ¢'(0)
0,'(0)
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3. VR>0in [0,T]x[0,1]x[- R,R] x(~ 00,0
[F (£ X, Uy serns U, Ug o Uy ) = F (6 XU oo, U 0, T )| < C (1 — T |+ |u, —
where Cy >0 is a constant.
Then the generalized solution of the problem (1)-(3) exists in small.
Proof. Let’s determine in B;’ 1 the operator (with respect to V') B, for every

), (36

fixed ue BMTT
RV (6 x)=V (t.x)= 2V, ()X (x), (37)
k=0
where
t
\7( =@, +y, t+ U V(z,x))dxdz  (te[o,T]), (38)
00
V, (t)z 'cosﬂt + L+ dor k" sin 4n k" t+
S m P
”CD cos2ﬂkx-sinﬂ(t —7)dxdr
2k2\/1+4a7z2k2 00 VI+dar’k?
(k=12, ;te[O T), (39)
. 4;zk(1+2a;z2k ) 47K

V (t)z—(p _ ——t+ 0, COS—/——r
% et {1+ darc? ) W * W
1+ 2ar’k? {\/1+4aﬂ2k2 ) 47k 47%k>? }

—Woka

sin t—-t.-cos——
7kl +4ar’k?)|  4n’k? J1+4an’k? J1+4an’k
V1+4dar’k? . 47k 4o

—————SIn t— X
Yok 47Z'2k2

\/1+4a7r2k2 7Z'k(1+40{ﬂ'2k )é

47°K? 8( +20m'2k2) "

V1+ dar’k? zk (1+4a7r2k2)2

(t—z)xdr -

X

oS~

1
jq)u (V(z,x))cos 27 kx - sin
0

27°k?

xj{ﬁ@u 7,X))cos 27 kX - sm
ol oo 1+4a7r

(r - o)dxdo |sin————mue t—r)dr+
1+4a7z

+ H —x),(V (7,x))sin 27 szmL
7r2k2\/1+40{7r2k2 00 V1+dar’k?
(k=12,.;te[0,T]), @0
the functions X, (x)(k=0,1,..) are determined by the relation (12), the numbers
0, ¥ (k=0,1,..) are determined by the relation (22), the functions Y, (x) (k =0,1,...) are

determined by the relation (13) and
@, (V(t.%))= F (£ x,0(E )0 (£ )0 (£ LU (X0 (£ ) Vo0 (£5) Vi (8. X)) . (41)
It is evident that

(t—7)dxdz
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YueByr; @, (u(t,x))=F(ult,x)), (42)
where the operator F is determined by the relation (6).
By view of structure of the space Bf;} for any ue Bf;} there exists such

R=R, >0 that Vte[0,T] and x [0.1]:

— R, <u(t,x), u,(t,x), u, (t,x), uy (£, %), uy(tXx)<R,. (43)
Then using the estimation (3 6) for R=R, by the estimations
[, (v (t X)) < [0, (v (£, X))~ @, (0)] + @, (0) < Co Voot X) + Mot X))+ Ar (44

and the estimations (33), (34) it is easy to get that at any fixed u e Bl it We B;ziT and
te [O,T] :

2

~ t1
RV, =[S0 <o o) o
B 00

<a, + 30, AL T +30,Ch 877 (24372 )+ 487 (3 +2r )} M T, @)

where
a, =6¢; + %{a(l +8T 2)+ 4[0{712 + 2(\/5 + 27Z'T)2:|}i(k3(p2k_l)z +
a k=1
+12{1+ da” i(k (p2k) +6T7 -y +6{ ! (1+4a7z )+ 14 (4T7r2 +1+4dar’ ]2 +
a )ig 167* 2
FLYPIS & )}i( N { {1+ 47+ 2}i(k2%k)z, (46)
2 k=1 87 k=1
b, = 40:;”8 32a°7°T? +3an’® + 6[(\/Z+ 47rT)2 + 0{72'2:|} +
+ %{160{%6 +3ar’ + 6[(\/5 + 47rT)z + aizz}} , 47)
a’r

ARu 1s a maximum of the function |F(t,x,u1,...,u5,0,0)| in a closed domain 0<t<T ,
0<x<I,-R, <U,...,us <R, moreover the finiteness a, follows from the estimations
(25), (26).

From (45) it follows that for any fixed U e BfﬂT the operator P, acts in B;’;T

moreover boundedly.
Further, analogously (45) by the mathematical induction method we show that at

any fixed u€ B}t VV,,V, € B3, and te[0,T]

2

2
I:>un (Vl)_ IDun (VZX B2, =Fu (F)un_l (Vl ))_ I:)u (F)un_1 (VZ )] B2, <
<fiebyz? 2+ 2122 +1224)- € 'V, -V o — -ﬂ (48)
where n is any natural numbers.
Thus at any fixed U € Bf;} vV,,V, e B;f T
P"(V,)-P"(V, )(B“ <0y ()M = Vallgez - (49)

where
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n

qgmsz%?ﬁawﬁ@+zml+unﬂ4iMTk. (50)

It is evident that for sufficient big n=n, :q(u)<1. For such n the operator P seems
condensed at the space Bg:iT. Then by view of generalized principle of considered
mappings. Unique in B;’:;,T the fixed point V of the operator P is unique in B;’:;,T

fixed point of the operator P, too:
V=P(), VeB3;. (51

Associated to every Ue Bfi} unique in B;:;T fixed point V of the operator P, we

generate the operator H :
Hu)=V =P,(V) (52)

acting from Bf;} in Bfﬁj.

Further, it is shown that the operator H acts from Blz’ﬂT in Bz3:§,T continuously,
and as it acts in Bj'; continuously. Besides it is shown that for any closed sphere K, of
the space Bj'; radius r and with the center in zero of the set H(K,) is bounded in
BS:;:;,T . From here using theorem 2 for the space BfﬁT we get that the set H(K,) is
compact in Bfi}. Consequently the operator H acts to BfﬂT compactly. Thus the

operator H acts at the space BIZ,;ET completely continuously.

o .. T
Let r be a fixed number, satisfying the condition r >—-a, where the number

NG

is determined by the relation (46). It is shown that at sufficiently little values T the

operator H transforms the sphere K, to itself. Consequently, by view of the Shauder

principle on a fixed point at sufficiently little values T the operator H has in Blz,;fT even

one fixed point U :

u=H(u). (53)
Since the operator H acts from Blz’ﬂT in Bi’i’éj then
utX)e B33, (54

Further, since u=H(u)=V =P, (V) then u=V and consequently
u=H(u)=P,(u).
Then by view of (42), @, (u): F(u) and consequently for finding fixed point

u=u(t,x)= iuk(t)xk(x) the functions U, (t) (k=0,1,...) by view of the notations (13)
k=0

satisfy on [O,T] the system (19)-(21). Using this and the relation (54) it is shown that the

function u(t, X) is a generalized solution of the problem (1)-(3). Theorem is proved.
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Remark 1. It follows to note that the condition 1 of theorem 4, imposed on initial
functions ¢(x) and w(x) aren’t only sufficient, but also necessary for the existence of a

generalized solution of the problem (1)-(3).

Remark 2. Since theorem 3 is the theorem on uniqueness in whole, and the
theorem 4 is the theorem on the existence in a small of generalized solution of the
problem (1)-(3) then from the two theorems it follows the following.

Theorem 5. Let
1. The conditions of the theorem 3 be fulfilled.

2. The condition one of theorem 4 be fulfilled.
Then the unique in the whole the generalized solution of the problem (1)-(3) exits in
small.

84. The investigation on the existence in a small the generalized
solution of the problem (1)-(3).

At this paragraph by view of strong Shauder principle on a fixed point the
following theorem on the existence in the whole of generalized solution of the problem
(1)-(3) is proved.

Theorem 6. Let
1. The all conditions of theorem 5 be fulfilled.

2. In[0,T]x[0,1]x (= 0,00
F(t,X,Up ey Uy )| < Co (L Jug |+ o ]u ) (55)
where C>0 is a constant.

Then there exists the generalized solution of the problem (1)-(3).
Proof. Let H be an operator, introduced at the proving process of theorem 4. As

it was said at the proving process of theorem 4 the operator H act at the space Blz,;fT

completely continuously; besides it acts from Blz’ifT in Bgféj boundedly. By the
definition of the operator H :

YueBlT H(u)=V=PR,V), (56)
where the operator P, is determined by the relation (37)-(40).

u

. . 21 .
Let’s consider now in B, the equation

u=AH(u), 0<A<1 (57)
and a priori we’ll estimate all their possible in Bfi} solution u. Since
u=AH()=Av =4aP,(V), (58)

then completely analogously to (45) we get that Vt e [O,T ]:

ullos =lAHWG,: =lavEE,. =lRG);,. <

2,2t BZ,Z.[ 2,2,t

ca, 71y 2 [ [0, W (e ) ddr<a, +by 2 [ [0,V () ddr,  (59)
00 00

where the numbers a, and b, are determined by the relations (46), (47).

From (59) using the inequality (55) and the relation AV =u we get that
t

1 1 1 1
ulls: <a, + SbOJZCZI{l + [u?(z,x)dx + [u? (7, x)dx + [uz (£, x)dx + [uZ (7, x)dx +
0 0 0 0 0

2,2,t
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1 1 t|1
+ [ug (z.x)dx + [V, (7, x)dx + jVXXX r x)dx}dr <a, +8b,C°T + 8b0C2j{ju2(r, X )dx +
0 0 0 (0
1

1 1
+qu(f,x)+juf(r,x)dx+Iuﬁ((r,x)dx+ju rxdx+j'/12V (7, x)dx +
0 0 0 0

+j12VXXX T, x)dx}dr:a0 +8b,TC” +8b, - C* - I{Iu t,x)dx +Iu X )dx +

0
+ju 7,X dx+ju 7, x)dx+J'uXX t x)jx+jurxx 7, X dx+J'uXXX t x)dx}d . (60)

On the other hand by view of the estimations (31)-(34) Vr e [O,T].

1
QUZ(T, X)dx < i||u||;g’1 < i||u||;f <4 (61)
1
{ u? (7. x)dx < ||u = || e || [y (62)
1 2 2 2 2 2 2 2
Juze. <2+ 322l <20+322uly, <20+372 i, (63)
0
1
Jud(exax<2(+322 Ju o, <2+32 Ju 5, <20+32°uls,. . (64)
0
L 2 2 2
Jub(ex)ax<sz(2 432 Juls, <87°(2+32% Jull, <8z(2+32° . . (65)
0 i . -
1
Juz (e x)ax <8z (2432 Ju o, <872+ 37 Juli,. . (66)
0
1
Juz(r.X)ax < a8z 5+ 222 July, <487+ 277 ol (67)
0
Now using the estimation (61)-(67) from (60) we’ll get that Vt e [O,T]:
Jul; g2, S8 +80,T - C* +8b, -C” x
{z + 414372 )+1672 (24372 )+ 487 (3+ 27 )}j||u||Bzz (68)

From (68) applying the Bellman inequality we get:
o, <fag +8b,T-C*}x
2,2,T

xexp{8b 02[3 +41+372)+ 16722+ 372)+ 487[4(3+27r2)]T}sCé. (69)

Thus, all possible in Blz’ﬂT solutions of the equations (57) a priori bounded in

2,1 : 2,1 .
B),r and as in Bjj; Then by view of

B21 _\/_"u"B“T

strong Shauder principle on a fixed point or principle of trivial rotation the operator H in
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Bﬁ ﬂT has a fixed point U, which as it was said at the proving process of theorem 4 is a

generalized solution of the problem (1)-(3). Theorem is proved.
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