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Abstract 
 

 We characterize the mapping inducing the weighted composition operators on 
( )EXC ,0 - the space of E -valued continuous functions on a locally compact space X   

that vanish at infinity and equipped with the supremum norm. A few properties of the 
multiplication and weighted composition operators are discussed and some examples of 
them are presented to illustrate the theory. 
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1. Introduction and Preliminaries. 
 

Let X  be a locally compact Hausdorff space and E  a real or complex Banach 
space. The space of continuous E -valued function on X  will be denoted by ( )EXC , . 
We will consider a subspace ( )EXC ,0  of ( )EXC ,  which is the set of all continuous E -
valued functions on X  that “vanish at infinity”, i.e. ( )EXC .0  denote the space of all 
continuous functions EXf →:  such that for all ( ){ }εε ≥∈> ExfXx :,0  is compact 

(where E⋅  denote the norm of E ) equipped with the sup-norm 

( ){ }Xxxff E ∈= :sup . In case { }CR,∈E , we shall omit E  from our notation and 
write ( )XC0  in place of ( )EXC ,0 . We recall that a weighted composition transformation 

ϕ= wCT  on ( )EXC ,0  induced by some selfmap ϕ  of X  and some map w  from X  into 
( )EB -the space of bounded linear operators on E  is defined as 
( ) ( ) ( ) ( )( ) ∈ϕ== ϕ fxfxwxfwCxTf ,  ( )EXC ,0∈ . In case ϕwC  is a bounded linear 

operator with range in ( )EXC ,0  we call it a weighted composition operator. In the 
sequel, we write T  in place of ϕwC . For a weighted composition operator T  on 

( )EXC ,0 , we have that ( ){ } +∞<∈ Xxxw :sup , and the map ( )EBXw →:  is 
continuous in the strong operator topology but not necessarily continuous in the uniform 
operator topology (see [5]). 

If ( ) Ixw =  the identity transformation on E  for every Xx∈ , and ϕ  is some 
selfmap of X , then we write ϕ= wCT  as ϕC  and call it the composition operator on 

( )EXC ,0  induced by ϕ . In case ( ) xx =ϕ  for every Xx∈  and w  is some map from X  
into ( )EB , then we write ϕ= wCT  as wM  and call it the multiplication operator on 

( )EXC ,0  induced by w , i.e. ( ) ( ) ( ) ( )EXCfxfxwxfM w ,, 0∈= . 
Weighted composition operators or composition operators on ( )EXC ,  (or on its 

certain subspaces) were studied in [1], [3], [5], and the case of C=E  was considered in 
[2], [4], [6], when  X  is a compact Hausdorff space. In this paper we have characterized 

ϕ= wCT  on ( )EXC ,0  when X  is a locally compact Hausdorff space and w  is a 
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continuous ( )EB - valued function on X , and some examples are given to illustrate the 
results. 

 
2. Functions inducing weighted composition operators. 

 
 Let ( )EXCf ,0∈ , then for any ( ) εε <> xf,0  outside some compact subset K  

of X . Now if ( )K1−ϕ  is compact subset of X , where ϕ  is continuous selfmap of X , 
then ( )( ) ε<ϕ xf  outside ( )K1−ϕ  indicates that ϕof  vanishes at infinity on X . 
 Definition 2.1. Let X  be a locally compact Hausdorff space. A selfmap ϕ  of X  
is said to be proper if ( )K1−ϕ  is compact subset of X  for all compact XK ⊆ . 
 Theorem 2.2. Let X  be a locally compact Hausdorff space, E  a Banach space 
and the map ( )EBXw →:  be continuous. 

(a) If ϕ  is continuous map from X  into X , proper and there is a positive 
number M  such that ( ) XxMxw ∈∀≤ , , then T  is weighted composition 
operator. 

(b) If T  is a weighted composition operator and there is a positive number m  
such that, for all ( ) XxexwemEe ∈∀≤∈ ,, , then ϕ  is continuous and 
proper. 

Proof. (a) We shall show that T  is a bounded linear operator on ( )EXC ,0 . First 
of all, we show that T  is an into map. Let ( )EXCf ,0∈  than for any ( ) Mxf εε <> ,0  

outside some compact subset K  of X . Since ϕ  is proper, ( )K1−ϕ  is compact in X . 
Now the fact that 

( ) ( )( ) ( ) ( )( ) ( )( ) ε<ϕ≤ϕ≤ϕ xfMxfxwxfxw  

outside ( )K1−ϕ  indicates that ( ) ( ) ( )EXCfw ,0∈ϕ⋅ . This implies that ( )EXCTf ,0∈ . 
Clearly T  is linear on ( )EXC ,0 , it is enough to show that T  is continuous at the origin. 
For this, suppose { }αf  is a net in ( )EXC ,0  such that 0→αf  we have 

( ) ( ) ( )( ) ≤ϕ==
∈∈

xfxwxTfTf
XxXx

ααα supsup  

( ) ( )( ) ( )( ) 0supsup →≤ϕ≤ϕ≤
∈∈

ααα fMxfMxfxw
XxXx

. 

Hence T  is continuous on ( )EXC ,0 . 
(b) Suppose xx →α  in X . We want to show that ( ) ( )xx ϕ→ϕ α  in X . Suppose not, by 
passing to a subnet if necessary, we can assume that ( )αxϕ  either converges to some 

( )xy ϕ≠  in X  or ∞ . Then for all f  in ( )EXC ,0 , we have 
( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )( )xfxwxTfxTfxfxwyfxw ϕ===ϕ= ααααα

limlim . 

Hence ( ) ( ) ( )( )( ) ( )EXCfxfyfxw ,,0 0∈∀=ϕ− . As ( )xw  is one-to-one, ( ) ( )( )xfyf ϕ=  
for all ( )EXCf ,0∈ . Therefore, we obtain a contradiction ( ) yx =ϕ . If ( ) ∞→ϕ αx  then a 
similar argument gives 

( ) ( )( ) ( ) ( ) ( )( ) ≤ϕ==ϕ ααα
xfxwxfTxfxw lim  

( ) ( )( ) ( ) ( )( ) 0limlim =ϕ=ϕ≤ ααααα
xfxwxfxw  



     ___________________________Азярбайжан МЕА-нын 
хябярlяри 
      [Jabbarzadeh M.R., Shahbazov A.I.] 

 

126

for all ( )EXCf ,0∈ . Hence ( )( ) ( )EXCfxf ,,0 0∈∀=ϕ  and therefore ( ) ∞=ϕ x , a 
contradiction with XX →ϕ : . Finally, let K  be a compact subset of X  and we are 

going to see that ( )K1−ϕ  is compact in X , or equivalently, closed in ∞X , the one-point 
compactification of X . 
 To see this, suppose xx →α  in ∞X  and ( )Kx 1−ϕ∈α . Since K  is compact, then 
without loss of generality, we can assume that ( ) zx →ϕ α  for some Kz∈ . Now, by 
hypothesis of the theorem, we obtain 

( ) ( ) ( ) ( )( ) ≥ϕ== ααααα
xfxwxTfxTf limlim  

( )( ) ( ) ( )EXCfzfmxfm ,,lim 0∈=ϕ≥ αα
. 

This implies that ∞≠x , and continuity of ϕ  gives ( )xz ϕ= . Hence ( )Kx 1−ϕ∈ . 
 Corollary 2.3. Let u  be a continuous scalar-valued function defined on X .  
Then: 
(a) Suppose that there are bounds 0, >mM  such that ( ) XxMxum ∈∀≤≤ , . Then the 

operator ( ) ( )XCXCuC 00: →ϕ  is a weighted composition operator if and only if ϕ  
is continuous and proper. 

(b) If there is 0>M  such that ( ) Mxu ≤ , Xx∈∀ , then ( ) uffM u =  is a multiplication 
operator on ( )XC0 . 

Proof. Follows by taking ( ) ( )Ixuxw =  and ( ) xx =ϕ  respectively in the proof of 
the theorem (2.2). 

Example 2.4. Let ( ) R=+∞= EX ,,0  and define ( ) 2sin += xxw  and  

( ) ( )

[ )⎪⎩

⎪
⎨
⎧

+∞∈

∈
=ϕ

.,1if,1

,1,0if,1

x

x
xx  

 Since ( ) [ )+∞=ϕ− ,111  is not compact, therefore ϕ  is not proper and hence by 
corollary 2.3, T  is not a weighted composition operator. In fact T  is not even an into 

map. For, take ( )
( )

[ )⎪⎩

⎪
⎨
⎧

+∞∈

∈
=

.,1if,1
,1,0if,

x
x

xx
xf  

Then obviously ( ),,0 EXCf ∈ but 

( ) ( ) ( )( ) ( ) ( )

[ )⎪⎩

⎪
⎨
⎧

+∞∈

∈
⋅+==ϕ=

,1if,1

,1,0if,1
2sin

x

x
xxxfxuxTf  

  and it is clear that ( )EXCTf ,0∉ . 
 Proposition 2.5. Let X  be a locally compact Hausdorff space. If ϕ  is a 
continuous map from X  onto X , proper, and w  a ( )EB - valued function defined on X  
with bounds 0, >mM  such that ( ) eMexwem ≤≤  for all Xx∈  and Ee∈ , then T  
is weighted composition operator, one-to-one and has closed range. 
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 Proof. By hypothesis of the theorem and theorem (2.2) it is enough to show that 
for every ( )EXCf ,0∈ , there exists 0>c  such that fcTf ≥ . If ( )EXCf ,0∈ , then 
we have 

( ) ( )( ) ( )( ) ( ) fmxfmxfmxfxwTf
XxXxXx

==ϕ≥ϕ=
∈∈∈

supsupsup . 

This completes the proof of the theorem. 
 

3. Functions inducing multiplication operators. 
 

 In this section we shall take X  to be a completely regular Hausdorff space and 
give a characterization of multiplication operators on ( )EXC ,0  induced by vector-valued 
(scalar-valued) functions. 
 Theorem 3.1. Let X  be a completely regular Hausdorff space, E  a Banach 
space and map ( )EBXw →:  is continuous. Then ( ) ( )EXCEXCM w ,,: 00 →  is a 
multiplication operator if and only if there is a positive number M  such that for every 

( ) XxeMexwEe ∈∀≤∈ ,, . 
 Proof. The sufficiency follows easily from theorem (2.2). For the necessity, letU  
be the closed unit ball in ( )EXC ,0 . Since wM  is continuous at the origin, there exists 

0>r  such that ( ) UrUT ⊆ . Take Xx ∈0 , a nonzero Ee ∈0  and N  is an open 
neighborhood of 0x  such that N  is compact. Thus there exists ( )XCf 0∈  such that 

( ) 1,10 0 =≤≤ xff  and ( ) 0\ =NXf . 
 Define ( ) ( ) 0exfxg =  for every Xx∈ . Then ( )EXCg ,0∈ , 00 eg ≤≤  and 

( ) 00 exg = . If gerh 1
0

−= , then rUh∈  and hence 1≤Th . From this it follows that 
( ) ( ) 1≤xhxw  for every Xx∈ . This implies that 

( ) ( ) Xxerexfxw ∈≤ − everyfor,0
1

0 . 

Thus ( ) 0
1

00 erexw −≤ . This completes the proof of the theorem. 
 Corollary 3.2. Let E  be a Banach algebra with unit e  and let EXw →:  be a 
continuous function. Then 

( ) ( )EXCEXCM w ,,: 00 →  
is a multiplication operator if and only if there exists 0>M  such that ( ) Mxw ≤ , for 
every Xx∈ . 
 Example 3.3. Let NX =  be set of natural numbers with discrete topology and 

2lE == . Define ( )2: lBNw →  as ( ) nCnw ϕ= , where 22: llC →ϕ  is the composition 

operator induced by a map NN →ϕ : . Then it can be seen that ( ) == ϕ fCfnw n  

ff n ≤ϕ= o , for every Nn∈   and 2lf ∈ , and hence by theorem (3.1), wM  is a 

multiplication operator on ( )2
0 ,lNC . 
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