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TO THE THEORY OF INVERSE SCATTERING PROBLEMS ON THE LINE
Abstract

The approach for the solution of the inverse scattering problem for the third-
order differential equations, based on the Gelfand-Levitan-Marchenko’s formalism is
given in the article.

Introduction.

A number of papers [1-4] have been dedicated to the investigation of the inverse
scattering problem on an axis for higher order differential operators by a Riemany
problem method. But for such operators excluding the second order operator ([5]-[8]), the
traditional approach of solutions of the inverse problem based on the Gelfand-Levitan-
Marchenko formalism in general case wasn’t considered. We note only papers [9], [10] in
which the inverse problem is investigated for the higher order operators with analytical
coefficients and [11], where a part of the data of the inverse problem is artificially
becomes zero. The rigid constraints in these papers are connected with questions of
existence of the triangular representation of Jost’s solution.

It’s shown that such representations exist, if the analytical functions are
coefficients of the equations, but any smoothness of coefficients in general case isn’t
sufficient for their existence ([13], [14]).

In [15], [16] the integral representations are obtained for a Jost’s solution of
ordinary differential equations, whose coefficients maybe non-analytical functions, too.
Using these representations in the present paper the solution of the inverse scattering
problem for the equation

" =iy + (@) f+ Py =iy xeR. )
where the functions p(x) and q(x) are assumed real and such that q(x) is absolutely
continuous and

T(1+|x|)|q(x)|dx<+oo , T(1+ xz){]p(x)|+|q’(xl}dx<+oo )

is reduced to the solution of a system of the Gelfand-Levitan-Marchenko type integral
equations. Note that the inverse scattering problem for the equation (1) is closely
connected with integration of the Cauchy problem for the Boussinesq equation ([11],

[12].
81. Direct scattering problem.

We introduce the following designations

Qu(00=a()=iplx). Q,(x)=-2a(x) D=

2rtrw

QF ={keC:|arg(¢kl<%}, A ={keC: argk —

T
<—r.
3 }
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Under 4”? we’ll understand the basic branch of this function. Let 1 and D{ be the
integration and differentiation operators of the functional order & by the variable t:

17 o(x.t)= r(la)j(t_s)a-l olx.5)ds.

0
DZ¢(x,t)= D, p(x,t).
When k e Q" we determine Jost’s solution of the equation (1) assuming
lim f,(x.k)e™ =

X—>*too

These solutions are representability in the form of [16],
f,(x.k)= ek{1 + f F, (x,tle 9" dtJ, 3)
where the kernels F, (X,- )e L,(0,00) and have tlole following properties:
Ti F,(x.t )|dt < exp{C c* (X)}— 1, where C is some positive constant ;
0

2) on the semi-axis (0,400) there exist the summable by t derivatives

(D2°) DIF.(xt), 1</+m<2, £,m=0,1,2 and

tim [|(02*) DrF, (x,t)( dt=0;

X—>to0
0

3) the functions F, (X,t) satisfy the equation
DX(DXZ +3D2°D, + (D2 )ZJI:i (x.t)-2q(x)D2 F3D2° . (x.t) -

~(@'(x)+i px)F.(x.t)=0

and the conditions

DR k), =5 [(@(6)=ip(s)ds 5 Jals) [alé)azas @
)e

We also note that F,(x,
The function
i) [t F oo
(7. (x-ak), T (x—a?k ) kA,
where [f , g]z fg— f g’ isasolution of the equation (1) and the following relations [11]
are satisfied
1 ‘ h(x,iaa)
Ti(i 0:20) a(az —1) T, iaza s
1 ‘ h(X,iC{ZO'): ( ) Ri!i : ’ ©)

Ti(i aa) 0(05 - 1)




Transactions of NAS Azerbaijan 115
[To the theory of inverse scattering problems]

T.()=T (k). ke \ o},
R (a 0') a'R (—a 0') j=12,
T (0)=T,(ao)T, (@%)-R, (@o)R. (%), o>0. ©6)

We’ll need the following easily proved lemma
Lemma. Let y(x,k,) and z(x,k, ) be solutions of the equation (1) for k =k, and

k =k, respectively. If k; = —IZ3 the expression

_Y(Xakl) (, 2)_ q( )y( X, 1)7(X=k2)
is independent of x.

Using this lemma and asymptotic of the solutions f, when |X| — +o0 , we have

()= 1l "gkfz )
R+(aj0')= {f+(x,aj0),_f__gx,—aja)} o0,
3alo
Further, since Wronskian of three solutions of the equation (1) is independent of X, we
have

(7)

w(h(x.k), f, (x.ark), f_(x.ak))=9K*T, (k)T (- ") kea,

W (h(x.k). f, (x.a2 k) f_(x.ak))=9k*T, (@? k)T, (- 2’k), ke A"
By the standard basing on the formulas (7), (8) and selfadjointe of the operator L
generated in the space L, (R) on right hand side of the equation (1) it’s established that

®)

the function T, (k) hasn’t zeros in the sector 5?” <argk < 7?” ([11]) and have zeros in the

form of k;s=ia’u; , where (—l)s,uj,S <0,s=1,2 iff the solutions f (X,kjs) and
f (X,—IZJ-,S) are linear dependent:
f (ks )=crs £ (x—k), ©)

in addition the numbers ,uis will be elgen—values of the operator L. Besides the function

T.(k) can have infinite number in the sector %”s argk <5?” and %S argk <4Tﬁ.

These zeros haven’t spectral interpretation ([11], [4]). Later on we’ll assume that such
zeros absent. Further the operator L has finite number of eigen-values (see, for ex. [10]),

consequently and number of zeros K; ¢ is finite.

Using the first formula from (7) for inverse quantities of norms of eigen-

functions the equality
(mi)* = J f (ks =T (k. ) (10)

is established, where the point means differentiation with respect to k. Therefore

T, (k is );t 0, and consequently zeros of the function T, (k) are simple.

The combination of quantities
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R.(@c) R (a2 0)
TS T , Hjs€R, mj >0 11
{T+ (0520) T (a0) His I (1
we’ll call scattering data of the equation (1). The “transmission” coefficient T, (k)
although doesn’t form scattering data but isn’t determined by them unique ([11])
k—Kk; < 2
T+(k):Hk IZJ,s exp{ 1 I( a a lenb(g)dd}, (12)

- 2 -
is s 2ri s \a’c-k ao-

—00

where
R+(ao)R, (azo')

T, (050')1'+ (aza)

IrES]

82. The inverse scattering problem.

1- ,0>0,

b(a)z

The inverse scattering problem for the equation (1) is in restoration of the
coefficients p(x) and q(x) by the scattering data (11). For the solution of the inverse

problem we derive the basic Marchenko type integral equations. Using the inversion
formula ([18]) from the representation (3) we have

F+(x,t)=% 1. o7k e — 126" dk -
F T

—j—i [[F. (o7k)e — 16" k.
Ty

Here and further by I', we’ll denote the ray argk =« . From the relations (5) we find
f.(x,¥k) and putting them in the last qualities we obtain

: T1 etk
Fi(x,t)zj—lj E(X’+k)ez —1{k"2e%" dk +
Ty Ti(+ak)k(a —a)

3

: - - +kx
o | P e a | O e

4z T.(Fak) T Faikkle? -a
| _3_i Ri(i k) - -2 k), 12t
4”F_[ﬂ¢a—2k)f+(x,+a K ek 265" dk (13)

z
3

Now at first in the‘ﬁrst and third integrals we substitute the right hand side of

(13) by the contours of integration respectively to F‘L” and le and we take into account
3 3

that h(x,i 7 j’s)z 0. Then in the obtained integrals instead of h(x,¥k) we put their
expressions from the relations (5). Thus in all integrals in the right hand of (13) only the
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solutions f, will take part and if instead of f, we put their representation (3), then for

the kernels F, we obtain the following system of integral equations

(F, (6 th - (t) + (L1)e(xt.0)+ I( (G (Eo(xte)s =0, (14)

D(x,t,&)= a*(x,t,+¢) br(x,t+i&)+cr(x,t—i&)
A R e DS I
a*(x,t)=— 3t ﬂ H{1a kg V2687 g f (+k) -l V2 g
’ 47zr T, (1ak) T.Fa 2 ) ,
bt( ) Mkw 1k3/2dk I R, ( k) i(a_l)kxkl/zetkz/zdk,
<(tak) T +a’k

3

i + 32 i + 2 32
() =k | Ti(— “Zk) k26" g+ 2L | R gelethogeg g (15)
4y Tilta k 47rr2”T;(ia k)
5 5
As we’ll see later on the system of integral equation (14) in general, hasn’t unique
solution. However if in addition we require that the solution satisfies the conditions (9),
ie.

0 0

- : ! . : :
where C[ = —['I'+ (k JS)mJ”J , then the uniqueness of solution will be ensured. A system

of the integral equations (14), (16) will be called basic integral equations of the inverse
problem.

The following theorem shows that the solution of the inverse scattering problem
for the equation (1) is unique.

Theorem. Let f,(-)eL,(0,00)NL,(0,) be a solution of a system of the

equations

+00

(£ F @)+ [(.(&) f(o(xt.E)ds =0, (17)

0

1@t e mere ™ [ r @™ ez as)

0 0
Then f,(t)=f_(t)=0
Proof. We introduce the following denotations
R (i a jO')Z R, (i aja)ei(_ly (e Jox , j=12,

= I £, (£ de, ket
0

Substituting in the equation (17) the representation (15) of the functions
a®,b*, c" wehave

—
f.(t)+ 3ij Ri(”()Mi(iak)kl/zet”“dk—




118 Azsap06aiixan MEA-HBIH
xs10splspu
[Huseynov H.M.]

4;3“ J (X:(LEQ)W(M )6 dk = g (1), (19)

where

j (¥ ak) i1k)——R1£¢k) M- (F ark) [k2e*” dk —
(+a k) T.(Fak)

3

_47zir'[”:r|z((-’_;;kk)){M$(Ik) RO o k)}kl/z e dk

Tiak

3

On the other hand from definition of the function M, (k) by virtue of the
inversion formula we have (see [18])

=—j (F K)k """ dk - 43 M. (FK)K"e"" dk .

Tip

Therefore (19) is transformed to the form ‘

3

— RS (+ k) — 2 1/2 , tk¥?
— | [ M, (¥k)——F M. k)ik dk —
il 0T e

+

(F ak)}k‘/ze“‘}/zdk =, (t).

i
+l
]
>
<
-

+ dk
FL”Ti(iazk) T (F ark) 22 —k?
3 T_(Trazk) _ RYFK) ., (- k">
il M_(Fk)-—= k dk
4”ir'[,, T+(¢ak){ (+k) T.Fak +( 4 ) S _ 32

=d,(k), kel,;,

Mi(ik)—TT*Zfakk))Mi(iak)ztbi(k), el .

Allowing for these equalities for the function @, (z) we find

(20)
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dk —

Tak) k"2
.[ (+;Zk) ¥ k) 2Y2 32

(+a k) k"2

O, (£k)—5—sdk
47r|j L (Fak) @ )23/2—k3/2

and since @, (z) are regular in the sector _ZT< argz <2T”’ and the integrands of the

first integrals are regular in the sector A™, the integrands of the second integrals- in the
sector A", then changing the contour of integration from here we have

3 ¢ T.(Fak k"2
0. (2)= [ 1= )CD_(J_rk)zm—dk—

Arif T(Falk) T — k2
3 TEK) K2
- 2 D (k)75 0k
47rir'[” T, (Fak) + )23/2—k3/2

3
From these formulas we obtain the following relations connecting the functions ®, and
)

T (£ _
(I)i(—O.’O')zT +JE af()y o, (Fao),

o, (- a%):TTj(Ej;‘))cD;(: a*c), c>0. @1)

Consider now the regular in the sectors A" and A~ functlons

7 ( a)cD (az), zeA",
G A
( ):{(0‘2 —afp, (-2 (e72), zea",

(“—0‘2)‘13+(— 2T (az), zeA .

The relations (21) show that

IS(—aza) ( )fD (a O')T -0) (a a )CD_(—aza)T_(—aa)zp(—aza),
IS(—aO')—(a a )<D+(aa)T+( o) (a—az)d)_(—aa)T_(—aza)zP(—aa),

consequently P(z)= IS(Z ).

!

Thus
+ P($ Z) ,ZeAt,
Ti(i az)(a —az)
@.{e)- P(F2)
+ Ze A .

- Ti(i a’t)a’ —a),
Therefore we can write the relations (20) in the form of

_ RAEK) L +P(Tk
M. (F k)—?(i;—zz)m(mzk):T (MZk(LZ)-a)’ kel .
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oy REFK) oo v £P(FK)
M. (Fk) —T+($ak)Mi(+ak)_T+($ak)(a—a2)’ kel .5 . (22)

These relations coincide with relations from theorem 4 of article [11], p.586. but
in our case the functions T,”' (azk) and T '(erk) already have poles in the sectors A" and
A" respectively.

In the case of absence of poles in the indicated paper is proved that from relations
(22) it follows M, (k)=M _(k)=P(k)=0. We show the correctness of these equalities in

our case too. We’ll use the condition (18)

M+(iasyj,s)zC]-‘,sM_(ias,uLs) , Cis =C}',Se_2Rek"'s :
On the other hand by the Cauchy_theozem we have o
1 J‘ M+(k)M—(_k)dk_ 1 J‘ M+(k)M—(_k)dk_

27 T(k) 27

3

:Z Re s M+(k)|\7_(— E):Z M+(kj,'s)l\7—(_ lzj,s)zz ‘M+(kj,sl2 .
s TK) T.kss) C;.T (k)
On other hand following as( in [)1 1] we obtain ( )
LM (M (k) 1 ¢ M (KM_-k)
27 ; I T, (k) = rj T, (k) d=

rf ak)T( ))‘“‘+ :ziin(azkj(_m) -

17 . 175, .
=5 £|(D+(— |0)|2d0'+g £|®+(l G]zda .
Comparing the last relations we have

s Ml

_C'.T (k,s)

J,s

| P
”(D Ial2d0+g'g|®+(lalzd0:0

and since - C_Ij*,s'lo' +(kj,S )> 0, then from here we obtain @ (k)=0, ie.
P(k)=M,(k)=M _(k)=0. Consequently, f(t)=f (t)=0.
The theorem is proved.

§3. Example.
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Consider an important particular case when we can obtain explicit formulas for
the coefficients p(x) and g(x) of the equation (1). Assume that R, (@)= R + (a20)= 0,
ty =p and m;; =m are arbitrary positive numbers. Later on we’ll need the following

) S
formulas connected the Mittag-Leffler function E, (Z; ,u) = ZZ— ([17], p-127 and

B r(# " Sj
Yo,

[18]) / /
K212 k¥21,1/2
3) Armip k+z 4ri s k+z
© 1
Ief“tEg/z[—ztw;g)t dt=—, £ zeQ. (24)
o 3 E+z

By the formulas (15) we’ll calculate the free members of a system of the equations (14).
Since (12)

_. _. 2
T(k)=KTlan g ) Koleu
k—ia“u k—iau
then using the formula (23) we have

b_(X,t)—i-C_(X,'[): 3- J- i(a-—az)kl/zetka/zdk_ 3- J- I(Ot-—az)kl/zetka/zdk:
4ri 0 k+ia’u 47zlr2”k+|a2y

27

3 3

= i(oz2 - a)t_% Esy» (— iazytm;gj: \/§e3/2 (t;i az,u),

b* (x,t)+c* (x,t)=3uey, (t-ia u),
a*(x,t)=a " (x,t)=0.
1
Here ep(t,/l)ztp Ep(— MI/”;%J .

Allowing for these relations we’ll search a solution of a system of the equations
(14), (16) in the form of

F,(x,t)= A(X)es/z (t,iazlu), F (xt)= B(X)es/z (t-iau).
Using the formulas (23) and (24) we have

j F (b (it +18)+ ¢ (xt - ié))dé = A(X)Ie3/2 (tic2)x

. 3- J. k_i-azlukl/ze(mg)ks/zdk_ 3- J- k—i-azlu k]/ze(t+i§)k3/zdk d§=
dri” k—iau 4ris k—iau

2z T2r

3 3

3 kK—ia’u 1o - . 2 a2
= A(x kY2et SE,,| —ie?uE?? 2 e dadk —
( 4ﬁir{” K—iau !gy ya| TlHET S <

3
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3 K—ia?u, 1p g - . 2\ iace
- k2" [£ 3E,,| —ia’ué™*;= |¢'% dédk | =
4ﬂir'2[”k—ia,u '([6 Y2 #e 3 ¢
12 ,tk¥? 1/2 ,tk¥?
SA) - R L 3 K gl A (toian),
drip kK—iau 4riy k-lau

f F (&b (6t +i&)+c (xt —i&)de = B(x)ey, Lias).

Therefore the system of the equation (14) is converted to one equation

A(x)+ B(x)+~/3u=0. (25)
On the other hand, since
1 1
T+ = =— ,
(iope) i (a o ),U @
m2 T. (l O{,Ll) m
then the equation (16) gets the form
AKX) _Bu x( B(x )]
1+—= ]+ (26)
Bu m’ Bu
Solving the system of the equatlons (25)-(26) we have
—3ux 2
Ax)= e B(x)= -~

\/_y+m2e‘*/§”x ' \/Ey+m2e‘*/§’”’
i.e. in the considered case the system of the basic equations (14), (16) has the solution

—3ux
m e .
i (X,t)z _\/5/1 + m2eV3ux €32 (t,laz/l),
2
F(xt)=———% (t-iau).

3+ mle e ek
Consequently, by the formula (4) we can find the functions p(x) and q(x)

q(x)=3%(|§F_(x,t)J _ o d( 1 j=—9“2 ch f“(ma),

2 dx \/g‘u+m2e’\/§'“" 2

),

_[ﬂ [
p(x)= i/ (x) + & jq )& - 3I1[I;D§F_} =

o d[ 1 J ou ch‘”/;ﬂ(x+a).

2 dx \/_‘u+me['“x 2
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The case u<0 and also a general non-reflective case are analogously

considered.
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