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TO THE THEORY OF INVERSE SCATTERING PROBLEMS ON THE LINE 
 

Abstract 
 

 The approach for the solution of the inverse scattering problem for the third-
order differential equations, based on the Gelfand-Levitan-Marchenko’s formalism is 
given in the article. 
 

Introduction. 
 

 A number of papers [1-4] have been dedicated to the investigation of the inverse 
scattering problem on an axis for higher order differential operators by a Riemany 
problem method. But for such operators excluding the second order operator ([5]-[8]), the 
traditional approach of solutions of the inverse problem based on the Gelfand-Levitan-
Marchenko formalism in general case wasn’t considered. We note only papers [9], [10] in 
which the inverse problem is investigated for the higher order operators with analytical 
coefficients and [11], where a part of the data of the inverse problem is artificially 
becomes zero. The rigid constraints in these papers are connected with questions of 
existence of the triangular representation of Jost’s solution. 
 It’s shown that such representations exist, if the analytical functions are 
coefficients of the equations, but any smoothness of coefficients in general case isn’t 
sufficient for their existence ([13], [14]). 
 In [15], [16] the integral representations are obtained for a Jost’s solution of 
ordinary differential equations, whose coefficients maybe non-analytical functions, too. 
Using these representations in the present paper the solution of the inverse scattering 
problem for the equation 
                                 ( ) ( )( ){ } ( ) R∈=+′+′−′′′ xyikyxpyxqyxqiyi ,3 ,                         (1) 
where the functions ( )xp  and ( )xq  are assumed real and such that ( )xq  is absolutely 
continuous and 

                     ( ) ( ) ( ) ( ) ( ){ } +∞<′+++∞<+ ∫∫
∞

∞−

∞
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is reduced to the solution of a system of the Gelfand-Levitan-Marchenko type integral 
equations. Note that the inverse scattering problem for the equation (1) is closely 
connected with integration of the Cauchy problem for the Boussinesq equation ([11], 
[12]). 
 

§1. Direct scattering problem. 
 

 We introduce the following designations 
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Under 23λ  we’ll understand the basic branch of this function. Let α
tI  and α

tD  be the 
integration and differentiation operators of the functional order α  by the variable t : 

( ) ( ) ( ) ( )dssxsttxI
t

t ∫ ϕ−
Γ

=ϕ −

0

1 ,1, αα

α
, 

( ) ( )txIDtxD ttt ,, 1 ϕ=ϕ −αα . 

When ±Ω∈k  we determine Jost’s solution of the equation (1) assuming 
( ) 1,lim =−

±±∞→

kx

x
ekxf . 

These solutions are representability in the form of [16],  

                                              ( ) ( ) ( )
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where the kernels ( ) ( )∞∈⋅± ,0, 1LxF  and have the following properties: 

1) ( ) ( ){ }∫
+∞

±
± −≤

0

1exp, xCdttx σF , where C  is some positive constant ; 

2) on the semi-axis ( )+∞,0  there exist the summable by t  derivatives 

( ) ( )txDD m
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l

, 21 ≤+≤ ml , 2,1,0, =ml  and 
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3) the functions ( )tx,±F  satisfy the equation 
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⎠
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We also note that ( ) ( )∞∈⋅± ,0, 1LxF  ([15]). 
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where [ ] gfgfgf ′−′=,  is a solution of the equation (1) and the following relations [11] 
are satisfied 
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                               ( ) ( ) ( ) ( ) ( ) 0,22 >−= ++++− σσαασσαασσ RRTTT .                       (6) 
We’ll need the following easily proved lemma 
 Lemma. Let ( )1,kxy  and ( )2,kxz  be solutions of the equation (1) for 1kk =  and 

2kk =  respectively. If 3
2

3
1 kk −=  the expression 

( ) ( ){ } ( ) ( ) ( ) ( ) −′′+′′≡ 212121 ,,,,,,, kxzkxykxzkxykxzkxy  
( ) ( ) ( ) ( ) ( )2121 ,,2,, kxzkxyxqkxzkxy −′′−  

is independent of x . 
 Using this lemma and asymptotic of the solutions ±f  when +∞→x , we have 
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Further, since Wronskian of three solutions of the equation (1) is independent of x , we 
have 
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 By the standard basing on the formulas (7), (8) and selfadjointe of the operator L  
generated in the space ( )R2L  on right hand side of the equation (1) it’s established that 

the function ( )kT+  hasn’t zeros in the sector 
6

7arg
6

5 ππ
<< k  ([11]) and have zeros in the 

form of sj
s

sj ik ,, µα= , where ( ) 2,1,01 , =<− ssj
s µ  iff the solutions ( )sjkxf ,,+  and 

( )sjkxf ,,−−  are linear dependent: 

                                                         ( ) ( )sjsjsj kxfckxf ,,, ,, −= −
+

+ ,                                   (9) 

in addition the numbers 3
,sjµ  will be eigen-values of the operator L . Besides the function 

( )kT+  can have infinite number in the sector 
6

5arg
3

2 ππ
<≤ k  and 

3
4arg

6
7 ππ

<≤ k . 

These zeros haven’t spectral interpretation ([11], [4]). Later on we’ll assume that such 
zeros absent. Further the operator L  has finite number of eigen-values (see, for ex. [10]), 
consequently and number of zeros sjk ,  is finite. 
 Using the first formula from (7) for inverse quantities of norms of eigen-
functions the equality 

                                        ( ) ( ) ( )sjsjsjsj kTcdxkxfm ,,
2

,
2

, , +
+

∞

∞−
+

−+ −== ∫ &                               (10) 

is established, where the point means differentiation with respect to k . Therefore 
( ) 0, ≠+ sjkT& , and consequently zeros of the function ( )kT+  are simple. 

 The combination of quantities 
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we’ll call scattering data of the equation (1). The “transmission” coefficient ( )kT+  
although doesn’t form scattering data but isn’t determined by them unique ([11]) 
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§2. The inverse scattering problem. 

 
 The inverse scattering problem for the equation (1) is in restoration of the 
coefficients ( )xp  and ( )xq  by the scattering data (11). For the solution of the inverse 
problem we derive the basic Marchenko type integral equations. Using the inversion 
formula ([18]) from the representation (3) we have 

( ) ( )[ ] −−+= ∫
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3
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Here and further by αΓ  we’ll denote the ray α=karg . From the relations (5) we find 
( )kxf +± ,  and putting them in the last qualities we obtain 
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⎡
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                                  ( )
( ) ( )∫
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+
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3

π
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 Now at first in the first and third integrals we substitute the right hand side of 
(13) by the contours of integration respectively to 

3
4πΓ  and 

3
2πΓ  and we take into account 

that ( ) 0, , =sjixh µ . Then in the obtained integrals instead of ( )kxh +,  we put their 
expressions from the relations (5). Thus in all integrals in the right hand of (13) only the 
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solutions ±f  will take part and if instead of ±f  we put their representation (3), then for 
the kernels ±F  we obtain the following system of integral equations 

                  ( ) ( )( ) ( ) ( ) ( ) ( )( ) ( ) 0,,,,,0,,1,1,,,
0

=Φ+Φ+ ∫
+∞
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As we’ll see later on the system of integral equation (14) in general, hasn’t unique 
solution. However if in addition we require that the solution satisfies the conditions (9), 
i.e. 
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where ( )[ ] 12
,,,

−+
+

+ −= sjsjsj mkTc & , then the uniqueness of solution will be ensured. A system 
of the integral equations (14), (16) will be called basic integral equations of the inverse 
problem. 
 The following theorem shows that the solution of the inverse scattering problem 
for the equation (1) is unique. 
 Theorem. Let ( ) ( ) ( )∞∞∈⋅± ,0,0 21 LLf I  be a solution of a system of the 
equations  
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Then ( ) ( ) 0== −+ tftf . 
 Proof. We introduce the following denotations 
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 Substituting in the equation (17) the representation (15) of the functions 
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where  

( ) ( )
( ) ( ) ( )

( ) ( ) −⎥
⎦

⎤
⎢
⎣

⎡
+

+
−+=ϕ ∫

Γ
+

+

±
± dkekkM

kT
kRkM

kT
kT

i
t tk

x
23

3
2

21
24

3

π

α
αα

α
π mm

m

m
m

m  

( )
( ) ( ) ( )

( ) ( ) dkekkM
kT

kRkM
kT
kT

i
tk

x
23

3
2

212
2

2

4
3

∫
−
Γ

+
+

±
⎥
⎦

⎤
⎢
⎣

⎡
+

+
−+−

π

α
αα

α
π mm

m

m

m
m . 

 On the other hand from definition of the function ( )kM ±  by virtue of the 
inversion formula we have (see [18]) 
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we obtain the following relations 

( ) ( )
( ) ( ) ( ) ,, 3

2
2 πα

α
Γ∈Φ=

+
− ±±

±

±
± kkkM

kT
kRkM

x

m
m

m  

                              ( ) ( )
( ) ( ) ( ) 3, πα
α −±±

±

±
± Γ∈Φ=

+
− kkkM

kT
kRkM

x

m
m

m .                      (20) 

 Allowing for these equalities for the function ( )z±Φ  we find 
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and since ( )z±Φ  are regular in the sector 
3
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2 ππ
<<− z , and the integrands of the 

first integrals are regular in the sector −∆ , the integrands of the second integrals- in the 
sector +∆ , then changing the contour of integration from here we have 
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From these formulas we obtain the following relations connecting the functions +Φ  and 

−Φ  
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Consider now the regular in the sectors +∆  and −∆  functions 
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 The relations (21) show that 
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 Therefore we can write the relations (20) in the form of  
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                    ( ) ( )
( ) ( ) ( )

( )( ) 32 , πααα
α

α −
±

±
±

±
± Γ∈

−
±

=
+

− k
kT

kPkM
kT

kRkM
x

m

m
m

m
m .            (22) 

 These relations coincide with relations from theorem 4 of article [11], p.586. but 
in our case the functions ( )kT 21 α−

+  and ( )kT α1−
+  already have poles in the sectors +∆  and 

1−∆  respectively. 
 In the case of absence of poles in the indicated paper is proved that from relations 
(22) it follows ( ) ( ) ( ) 0=== −+ kPkMkM . We show the correctness of these equalities in 
our case too. We’ll use the condition (18) 

( ) ( ) sjk
sjsjsj

s
sjsj

s ecCiMCiM ,Re2
,

*
,,

*
,, , −+

−+ == µαµα . 
On the other hand by the Cauchy theorem we have 

( ) ( )
( )

( ) ( )
( ) =

−
−

−
∫∫
Γ +

−+

Γ +

−+

3
4

3
2

2
1

2
1

ππ
ππ

dk
kT

kMkM
i

dk
kT

kMkM
i

 

( ) ( )
( )

( ) ( )
( )

( )
( )

∑∑∑
+

+

+

−+

+

−+

=
=

−
=

−
=

sjsj

sj

sj

sjsj

kk kTC

kM

kT
kMkM

kT
kMkMs

sj
,

*
,

2
,

,

,,

,

Re
o&

. 

 On other hand following as in [11] we obtain 
( ) ( )

( )
( ) ( )

( ) =
−

−
−

∫∫
Γ +

−+

Γ +

−+

3
4

3
2

2
1

2
1

ππ
ππ

dk
kT

kMkM
i

dk
kT

kMkM
i

 

( ) ( )
( ) ( )

( ) ( )
( ) ( ) =

−
−

+
−
−

−= ∫∫
Γ ++Γ ++

dk
kTkT

kPkP
i

dk
kTkT

kPkP
i

3
4

3
2

226
1

6
1

ππ
ααπααπ

 

( ) ( ) ( ) ( ) =Φ−Φ−−−ΦΦ−= ∫∫
Γ

++
Γ

++

3
4

3
2

2222

6
1

6
1

ππ

αα
π

αα
π

dkkk
i

dkkk
i

 

( ) ( ) ( ) ( ) =Φ−Φ−Φ−Φ= ∫∫
Γ

++
Γ

++

22

2
1

2
1

ππ
ππ

dkkk
i

dkkk
i

 

( ) ( )∫∫
+∞

+

+∞

+ Φ+−Φ=
0

2

0

2

2
1

2
1 σσ

π
σσ

π
didi . 

Comparing the last relations we have 
( )

( )
( ) ( ) 0

2
1

2
1

0

2

0

2

,
*
,

2
,

=Φ+−Φ+
−

∫∫∑
∞+

+

∞+

+

+

+ σσ
π

σσ
π

didi
kTC

kM

sjsj

sj
o

 

and since ( ) 0,
*
, >− + sjsj kTC

o

, then from here we obtain ( ) 0=Φ+ k , i.e. 
( ) ( ) ( ) 0=== −+ kMkMkP . Consequently, ( ) ( ) 0== −+ tftf . 

 The theorem is proved. 
 

§3. Example. 
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 Consider an important particular case when we can obtain explicit formulas for 
the coefficients ( )xp  and ( )xq  of the equation (1). Assume that ( ) ( ) 02 =+=+ σασα RR , 

µµ =1,1  and mm =1,1  are arbitrary positive numbers. Later on we’ll need the following 

formulas connected the Mittag-Leffler function ( ) ∑
∞

=
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+Γ

=
0

;
s

s

s
zzE

ρ
µ

µρ  ([17], p.127 and 

[18]) 

                               dk
zk

ke
i

dk
zk

ke
i

zE
kk

∫∫
−
ΓΓ +

−
+

=⎟
⎠
⎞

⎜
⎝
⎛−

3
2

23

3
2

23 2121

23 4
3

4
3

3
2;

ππ
ππ

,                 (23) 

                                 −−∞
− Ω∈

+
=⎟

⎠
⎞

⎜
⎝
⎛−∫ z

z
dtttzEe t ,,1

3
2; 3

1
23

0
23

23
ξ

ξ
ξ .                 (24) 

By the formulas (15) we’ll calculate the free members of a system of the equations (14). 
Since (12) 

( ) ( )
µα
µα

µα
µα

ik
ikkT

ik
ikkT

−
−

=
−
−

= −+

2

2 , , 

then using the formula (23) we have 

( ) ( ) ( ) ( )
=

+
−

−
+
−

=+ ∫∫
ΓΓ

−−

−
3

2

23

3
2

23 21
2

2
21

2

2

4
3

4
3,,

ππ
µα

αα
πµα

αα
π

dkek
ik

i
i

dkek
ik

i
i

txctxb tktk  

( ) ( )µαµααα 2
23

322
23

3
1

2 ;3
3
2; itetiEti =⎟
⎠
⎞

⎜
⎝
⎛−−=

−
, 

( ) ( ) ( )µαµ itetxctxb −=+ ++ ,3,, 23 , 

( ) ( ) 0,, == −+ txatxa . 

Here ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=

−

ρ
λλ ρ

ρ
ρ

ρ
1;, 1

11

tEtte . 

 Allowing for these relations we’ll search a solution of a system of the equations 
(14), (16) in the form of 

( ) ( ) ( ) ( ) ( ) ( )µαµα itexBtxitexAtx −== −+ ,,,,, 23
2

23 FF . 
Using the formulas (23) and (24) we have 

( ) ( ) ( )[ ] ( ) ( )×=−++ ∫∫
∞

++
+∞

+
0

2
23

0

,,,, µαξξξξ itexAditxcitxbxF  

( ) ( ) =
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−

−
−
−

× ∫∫
Γ

+

Γ

+

−

ξ
µα
µα

πµα
µα

π
ππ

ξξ ddkek
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ik

i
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ik
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i
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3
2
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3
2

23 21
2
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2

4
3

4
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⎢
⎢
⎢

⎣
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⎟
⎠
⎞

⎜
⎝
⎛−

−
−
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−
Γ

∞ −
dkdeiEek

ik
ik

i
xA kitk ξµξαξ
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π
ξ

π
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3
2

23

3
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4
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0
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3
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=
⎥
⎥
⎥

⎦

⎤

⎟
⎠
⎞

⎜
⎝
⎛−

−
−

− ∫ ∫
Γ

∞ −
dkdeiEek

ik
ik

i
kitk ξµξαξ

µα
µα

π
ξ

π

23

3
2

23

3
2;

4
3 322

0
23

3
1

21
2

 

( ) ( ) ( )µα
µαπµαπ

ππ

itexAdk
ik
ek

iik
ek

i
xA

tktk

−=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
+

−
−= ∫∫

ΓΓ
−

,
4

3
4

3
23

2121

3
2

23

3
2

23

, 

( ) ( ) ( )[ ] ( ) ( )µαξξξξ 2
23

0

,,,, itexBditxcitxbx =−++ −−
+∞

−∫F . 

Therefore the system of the equation (14) is converted to one equation 
                                                       ( ) ( ) 03 =++ µxBxA .                                           (25) 
On the other hand, since 

( ) ( ) µµαα
µα

3
11

2 −=
−

=+
i

iT
o

, 

( )
2

2

31
miTm

C µ

µα
=−=

+

+
o

, 

then the equation (16) gets the form 

                                               ( ) ( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=+

µ
µ

µ
µ

3
13

3
1 3

2
xBe

m
xA x .                                    (26) 

Solving the system of the equations (25)-(26) we have 

( ) ( ) ,
3

3,
3 32

2

32

32

xx

x

em
xB

em
emxA

µµ

µ

µ
µ

µ −−

−

+
−=

+
−=  

i.e. in the considered case the system of the basic equations (14), (16) has the solution 

( ) ( ),,
3

, 2
2332

32

µα
µ µ

µ
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em

emtx
x

x

−

−

+
+

−=F  

( ) ( )µα
µ

µ
µ

ite
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x

−
+

−=
−− ,

3
3, 2332

2

F . 

 Consequently, by the formula (4) we can find the functions ( )xp  and ( )xq  
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3
1

2
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2
3 2

2

32

2

0

3
1

axch
emdx

dtxI
dx
dxq

x
t

t +−=⎟
⎟
⎠
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⎟
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⎞
⎜
⎜
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−
=

µµ
µ

µ
µ-F  

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
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3
1

m
a µ

µ
, 
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2
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x

+=⎟
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 The case 0<µ  and also a general non-reflective case are analogously 
considered. 
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