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GUSEYNOV S.T.

A HARNACK INEQUALITY FOR SOLUTIONS OF SECOND ORDER NON-
UNIFORMLY DEGENERATE PARABOLIC EQUATIONS

Abstract

In the paper a class of second order parabolic equations of divergent structure
with non-uniformly power degeneration is considered. For non-negative weak solutions
of the mentioned equations the Harnack inequality is proved.

Introduction. Let R,,, be an (1 +1)-dimensional Euclidean space of the points

n+l

(x,£)=(x,5....x,,¢), Or cR™" be a bounded cylindrical domain located in R,,,, where
the point (0,0) lies on the upper foundation of Q; .
Consider the following equation in Q
ou & 0 Ou
Lu=—- ) —| a,lx,t)— |=0 1
ot ,g_lléxi[ ”( )8x1} )

in assumption that “aij (x,tM is real, symmetric matrix with measurable in ) elements,

where for any 7 -dimensional vector & € E, and all (x,7)e Q the condition

ﬂ;’li(xat)étiz = Zaij(x’t)ébigj Sy‘lgli(x,t)éiz 2)

i,j=1
is satisfied, here u e (0,1] is a constant, A, (x,t) = Qx|a + \/H )V

:Z|xi|af , @ :L, a=(a,..a,), 0<a, < 2 yi=Ll..,n.

R 2+« n—1

The aim of the present paper is the proof of the Harnack inequality for non-negative
solutions of the equations (1). Note that for uniformly parabolic equations of divergent
structure the analogous result was obtained in [1-2]. Relative to parabolic equations in
non-divergent form we note papers [3-6]. For second order divergent parabolic equations
with uniformly degeneration the Harnack inequality was proved in [7], and for the
equations with weakly (“logarithmic”) degeneration- in [8]. Note that the existence and
uniqueness of a weak solution of the first boundary value problem for the equation (1) on
fulfillment of the condition (2) was established in [9].

3

i

1°. The imbedding theorem with weight.
We’ll  keep the following denotations: E;o (k) is an ellipsoid

o
N i
i=1

n (v _ 0
{x:ZM< (kR)z} , O, is a cylinder Qx(~T;,T). Denote by A(Q;) a set of all
functions u(x,t)e C* (@ ) such that for each of them there will be found the domain

Qu), Qu)c Q and suppu < Qu)x [~ T,,T]. Let further w IZZ(QT) and W lzla(QT) be
completion of 4(Q; ) by the norms
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2 b
Ou
I 0, = {W‘”,em?x Ju d“QI ,Z:‘/l * t{ﬁx,] “ dt} ’
and
P
ou ou’
||u||Vonz',la(QT) = QJ;[M +Z/1 (x, Z{@x,} +(8tj dedz
respectively.

The function u(x,t)e W ;‘;(Q) is called a weak solution of the equation (1) in Q,
if for any function 77(x,z)e Cy(Q) the integral identity

4 ou 0n Ou B
E[(j;fl ()C t)a—a— +5 xdt =0, 3)
0lp)= (- PR 0 EL ). s<p>=[—(§+ijz,—[g—ijZ}EgRu)

1s satisfied.

Theorem 1. Let C=ES(1)x(¢,.t,), u € A(C), az% Then there exists R,

such that for any R< R,

v 2
20 2 Ou
(gu dxdtj <Cl[£2?<)zf §u dx+ R ﬁZi X t{@xlj dxdt} 4)

0 c i=l

where

ﬁu dxdt = ”udxdt
C

mesC
Proof. By lemma 2 [10] there exists the constants k(ce,n)>1 and c,(a,n) such

that u € C; (Eg (1)) the estimation

i Ay
j;qudx <c,R* § i{—uj dx,
£} ) EIANCY

is valid. Then for an arbitrary function u € 4(C)
§u2‘7dxs §u2kdx
Ex(1) Ex (1)

o-1 2
<c¢,R*| max i)uzdx ﬂ[(x,t{a_”J dx .
ey ) e o,

. . . . . 1
Integrating the last inequality with respect to ¢ from ¢, to ¢, and raising to the power —
o

N—

the both side we obtain
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% SN
(ﬁu%dx] <c2{max §u de (R ﬁZﬂ,( ] dxdtj .
c hIst Ex(1)

C i=l

Now applying the Young inequality we obtain

Vo
20 Ou
(Eu dxdtJ <c{tr113tegi Sfu dx+ﬁz}u X t{@xJ dxdt}

Ex(1) c =l

The theorem is proved.

2°. Some auxiliary estimations.
Lemma 1. If u(x,t) is a positive solution of the equation (1) then for t,,7,,

~R*<17,<1,<0 the estimations

B+l
1) p=0,-1; S(x,t)zu 2 (x,t)

signf 2, 2 |7 2|ﬂ| i ) (ang 2
Frrdd” +—E_far [ Y41 E2| plax<
B+1 I T /u(ﬂ+l)2;[ E;;Iu); o, | T

2 7 )
<——\dt | 97

|'B+1 z'[ E,%J.(l)
2) B=-1; 9(x,t)=—Inu(x,)

a"‘d [ Z(S}f} 9 d; )

Er(1)’

+
Iﬂ

2
] 1 2 L 819
9ntdx| " +—|dt Zz{—J nidx <
Efg‘[l) no2u J E,J(I)"—l ox;
2
7, 677
<2(at SU‘—dx+2,u dt z{-j dx (6)
rjl J ERJ( )zle o,

are valid, where n(x,t) is any non-negatlve function from A(Q(l)).
Proof. Let S+#0,—1. Since u(x,t) is a solution of the equation (1), then for any

function @ e A(Q(1)), - R* <7, <7, <0

[t (p—dx dt odx . (7
£ E,%J.(l) ot £ E,J(l ij= 510, [ X ]
Assume here @ =n’u”signf , where ne 4(0(1)), n(x,t) >0. We have
jdt j ox), ou n*u szgnﬂdx——2jdt J Zay u” sign fdx —
E0(1)ir/ 18 8 ox;

4 4 Ed(1)i=

z Ou Ou L Ou ou | On 677
— |dt u?'n? dx <2 |dt
Jl ] ,,21 I I EI(I)\/”ZI% o, ox, \/ 2075 ox,

i,j=1

2 2
B |'H|Tz N (a”j p-1 2 7 u (&tj 2 (577]
xn-u’dx——|dt Al — | u""ndx<2u|dt Al — Al =] %
’u;[ E,él.(l); axi 1-[ Eg.-(l) ; ax,‘ ; axi




Transactions of NAS Azerbaijan 105
[A Harnack inequality for solutions parabolic equations]

2
J‘ ﬂHZlﬂﬁ(STn] dx_

1l 2
far [ Y i( J s zdx_2“ jdzj ( Jﬂzdx—
EJ(1) il ox; 1)

|ﬁ| < (auJ p
xn-u”d dt Al — dx<
Hs I Ej(l)lzl: ox; |

2p Ex(1)
by 2
-—————|dt A
(ﬂ + 1) I EJ.(I 121:
ﬂ

where $=u 2 . Further

%)

—MTdt jgzn@dx.

fo | im0 a2 [

(1) B+ 1E0

Allowing for the obtained estimation in (7) we obtain the statement of the lemma

when f#0,—1.If f=-1 then we must lead the same reasoning assuming ¢=7n"u"",

neCy(001)), 7(x,£)>0 and $=—Inu.

0

Lemma 2. Let r, = O'_V(l + 0')_1 ,v=0L12,.., o= 2k - , u be a positive
solution of the equation (1). Then the inequalities
& 1
maxu® <¢y ————— u”" ddt =Cy u;S(p)|
(o) (o—p)" (s%) J (o-p)" ).
- 1 -
maxu ? <cs———|u"";
o(p) : (p—p' )" Q(PX‘M

are valid, where %S p'<p S% and constants c, ,cs depend only on yu, A and n.

Proof. Let 77(x,z) is a cut off function: 7(x,z)=1 in S(p'), 7(x,£)=0 outside of

S(p), OSU(X,I)Sl,suppch p Cs(%}

on < 2 |877|< 2
a__( _ /)RZ > |5 |_ N\pl+a,/2 °
(| (p-p x| (p-p)R
Now if we apply lemma 1 assuming >0, 7, = —%Rz , T, =7, then we obtain

HZ( Jznzdxdtgﬂil( 2,

ﬁ +1 p-p' )R
4n C,
x 92ndxdt+ 9*dxdt < S dxdt .
I PP T My ol |
On the other hand
1 2 2 C
Fnidx| <———— [[dxdt.
B +1Eg{(l) _ Ble-p R ”
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Thus we have

2
' p+1 .
ln8:5(p),.. SCS( J (o-p P (P

(o)

=

®)

where

P
||7719;S(p)|2 [max §77 4 dx} ,

Epe(1)
2 bé!
raastoh, | f £ 22 |

Spll

letnow fBe(-1,0). Assume in lemma 1 7, =7, 7, = —iRz. Then we obtain

In:8(p)., < |95 ..

Cio
B (p-p')

3.:S(p) —c“
[75.:5(p),., < - TR

©)

%5(p)-.,-

m

20
o'(1+0)
Therefore for all considered [

Assume now f= —1, where m,v are any non-negative integers.

1

C2n+l
From this estimation, from the inequalities (8), (9) and from theorem 1 it follows

/o
loms(o " < { ﬁgzwz(fdxdt} .
' s(p)

We determine the sequences

( ) jgdxdt (10)
p=p

4

' ’ ] - 20'
P =p,=p 1+pm+1p,,p=pm=p1 pmp, s B=B,= g
2™ p 2 (1+0)

m

-1

Then from (10) it follows

1/ /o™ o "
[ §9;+ldxdz] :( I‘[Sj"dxdt} s{ﬁns .S pm)||22} <
S m

N Pm 1 (P;n)



Transactions of NAS Azerbaijan 107
[A Harnack inequality for solutions parabolic equations]

P 1 Yo Yojet 1
< 2T OSSP
p=p (p-p V%
c
<D
(,0 _ p,)2(n+1)
It means that there exists a subsequence {dbmk } such that %E{loq)mk =B< ﬁm@) '

It’s established that B > rﬁayxuz“’ =4.
P

Really, let it not be like this. We take Ce(B,A). Denote by E a set
{x,teS(p'):uer (x,1)> C}. By proposition mesE >0 and

~ 2 Y 7 mesE 7 mesE )
CD'""_[S (/[)j(gl f dxdtJ ZC[‘(_)mesS pmk] zc(—mess(p)j

And it means that B=1im®, >C.

k—o0
The obtained contradiction proves the lemma.
The second inequality in statements of the lemma is proved in exactly the same

way in addition instead of S(p) we consider Q(p)c Q(%) , the estimation in lemma 1 is

used for f<-1

1 2 2Gm
7. =—R", 7,=1, =p,=—1-—.
7y 2 p=Fk o'(1+0)

3°. Estimations of maximum of solutions.
Lemma 3. At the same assumptions of lemma 2 the estimation

1
is valid.

The lemma is proved by the same scheme as previous one only instead of S(p)

maxu < ¢4
1

0 3 2,2

we take Q(p)c Q(%) and lemma 1 is used when
o 1 2
p=p,=2° -1, m=0,1,.., 7, :_ZR , T, =t.
Lemma 4. Let u(x,t) be a positive solution of the equation (1). Then there exist

the constants a, and a, such that for any S >0
R*mesE) (l)
g

R*mesEQ(1)

mes{(x,t)e D, :lnu<-S+ a2}£clgT,

mes{(x,t)e D, :Inu>S +a,}<c,

where
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D, :[— RZ;%RZJX ES(1),

2

D, :[— %RZ,OJ xES(1).

2
Proof. We use lemma 1, let 77(x,t)=(t)é(x), where (t)=1 when ¢<-7,R?,

w(t)=0 when tZ—ﬁRZ,OSa)( )<1, O SL, 0<7,<7,<1; &x)=1 in EY(1),
2 t| R’ 5
B . 0 o0& 3 .
§(x)—0 outside of EZR(I) ( ) [0 1] 6xi‘ W ,i=12,...,n.

We choose the function &(x) such that for C the set {x:&(x)>C} were convex.
Let further $=—-Inu, from lemma 1 we obtain

—‘rle
“oR 2
[ 9% dx +— jdt | Z/l( ]§2decl9(r2—rl)mesE,2(1). (11)
Egk(l) —r R? E” (1) =l
6 —0,R? "

Consider the averaging

'[lgxt)é x)dx/

and dispersion corresponding to thls average
D(t) = I(S(x,t) - V(x,t))2 &2 (x)dx/ J.(fz (x)dx
Ex(1) Ez(1)
By lemma 2

2 2 t)< ¢, ,R*mesE} Aﬁzzxx
| Jeom| )z omselt) | 422

(1) Ep(1) =
From (11) we obtain
G oy T w— [P
Vi-,R*)-V|-7,R? ——— [at [(9-V)dx< -7,).
7 TH7 )+ Cyp RzmesEg(l)_,!thEg(S) ) X ‘721(72 Tl)

Let t=—7,R* and 7, =7, then we have

RZ‘Z—Z/HZO 10 [(@-V)dr<c,,. (12)

Now we introduce the functions

wix,t)=9(x,1)+ %(— R72 - tj ,
W(0)=7(0)+ R_(_R? _ tj |

Then we write the inequality (12) in the following form
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deW+ 1

—W)dx<0. 13
a2 meSEg(l)EJ(W fax (13)

(1)

SN

From (12) it follows that the function #(¢) is monotone non-increasing, therefore for any

2 2 2 2
te[—Rz,—R?J,W(t)ZW(—R?szE—R?J, and for any te(—%,Oj,W(t)S

2
< W[— R—j . Let
2

El(t)z{xe ES(1):w(x,7)< Sl}.

2
Then for ¢ € {— Rz,—R?J
aw 1 aw mesE (t) 2
0<R*Z +¢ w—W)dx=R* = +¢ M w()-S, ).
d 7 mesE (1)EII(,() ) d " ES) 7(e)-5.)
2 2
Hence we obtain
R _R?
2 aw 1 ? c
R? < E (t)dt = 20 S
L W=V  mesES () f’” ) mesEg(l)ml( )
2
and further
RZ
1 2 c
—R? <_ 20 S
W)-S,| . mesEl (1)’"1( )
Thus
m(s,)< R*mesES (1)

The last inequality means that for any S >0

[ f J

-t

2 2 2 0

mes{(x,t)e D, :Inu>S —V S Ty 2 SR mesER(l)‘
2 R S-ey

2
Since t e [— Rz,—R?J then

2 0
meS{(x,t)eDl :lnu>S+al}SRLER(l),
S+ ¢y

where a, = —V(— —J 2
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2
It’s in exactly same way it is proved that if S,> V[— R?J and
m,(S,)= mes{(x,t)e D, :w>S,}, then

(S, )< R*mesES (1)

=)

2 0
mes{(x,t)e D, :lnu<-S+ az}sRLER(I)

S-cy
R2
2

The lemma is proved.

where a, = —V(— j—% In addition @, —a, =c,,.

Now we introduce the function w,(x,2)=u(x,t)e ™, w,(x,t)=(u(x,2))" -e™,

where u(x,t) is a positive solution of the equation (1). From lemmas 2 and 4 it follows

1 1 1
that for —< p’ <—,pp=——— =0,1,., j=12
a or3 p<p 2,r0 o-V(1+0')’V J
In 1 I
maijo SCBW WjO;Sj(pj‘z’Za (14)
2 0
mes{(x,t)eSj(%j:lnwj>S}£c24%ER(1)’ (15)

where S,(p)=5S(p), S,(p)=0(p).
From (14), (15) in turn it’s derived.
Lemma 5. The inequalities
En(al)jwj(x,t)ﬁ crs (j=1,2). (16)
\3
Proof. The inequalities (14), (15) are samely written for the functions w;, and

w, . Therefore it’s sufficient to prove (16) for j=1. Let
o(p)=maxInw,(x,z),
S(p)

K= max(2023,c24 ,1).

The function (p(p) is monotone non-decreasing. If (p(%) <3k, then (16) holds

with ¢, =e** . Thus it’s possible to consider the case (p(p)>3k, pe[é,%} We show

that in addition for any p’, p, p' < p the inequality

N3 1
o(p )<Z(P(,0)+ 026W (17)

is valid.
We’ll divide S (p) into two parts referring it at the first point, where
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%(p(p’)< Inw, (x,t)S (P(P)

at the second point, where

1nw1(x,t)g%<p(p).

We have
2
‘w{O;S(p)ﬂ = ﬁwf’dedtS e290) 4 onole)
2 S(p) (P(p
We choose the non-negative number v so large that
no=—>3 5 1n‘P(p), (18)

o'(l+0) olp) &
o(p)

. . Inx )
since . >3 and the function —— decreases, i.e.
x

1 ole) 3 1
olp) k3 2
Atsuch 7y =7, (p) from (14) it follows

o(p')= 1;1(%;)( Inw, (x,z)< gln(c23 (oo p')z(”“) J + (2 ) .

Using now (18) we obtain

— | +1¢. (19)
_p,)z( 1)}

From (19), (17) follows.
Really, if the first addend being in (19)in parenthesis, doesn’t exceed %, then

from (19) it follows

A3
o(p")< 7 0lp).
If
i In| ¢ ! >l
k
then

o(p) [ I J [ 1 }
In——~<20ln| ¢, —————— |<4ln| ¢ .
k 2 (p-p Yt 2 (p—p P

Hence we conclude that
o(p")<p(p)< 5

The lemma is proved.

4°. A Harnack inequality.
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Theorem 2. Let u(x,t) be any non-negative solution of the equation (1) from

W;;) (0(1)). Then the inequality

supu(x,t)<c,, inlf u(x,z)

S

is valid.
Proof. From lemma 5 it follows
max w, (x,l)me}x W, (x,1)=e " mellxu(x,t)ma}x(u(x,t))_1 <cl.
o5 3) (o) o)
Thus

maxu(x,t) < ¢, minu(x,z).
o) )
3 3

The theorem is proved.

The author expresses his deep gratitude to the corresponding-member of NAS

Azerbaijan 1.T. Mamedov for his attention to the work.

[10].
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