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A HARNACK INEQUALITY FOR SOLUTIONS OF SECOND ORDER NON-
UNIFORMLY DEGENERATE PARABOLIC EQUATIONS 

 
Abstract 

 
 In the paper a class of second order parabolic equations of divergent structure 
with non-uniformly power degeneration is considered. For non-negative weak solutions 
of the mentioned equations the Harnack inequality is proved. 
 
 Introduction. Let 1+nR  be an ( )1+n -dimensional Euclidean space of the points 
( ) ( )txxtx n ,,...,, 1= , 1+⊂ n

TQ R  be a bounded cylindrical domain located in 1+nR , where 
the point ( )0,0  lies on the upper foundation of TQ . 
 Consider the following equation in Ω  
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in assumption that ( )txaij ,  is real, symmetric matrix with measurable in Ω  elements, 
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The aim of the present paper is the proof of the Harnack inequality for non-negative 
solutions of the equations (1). Note that for uniformly parabolic equations of divergent 
structure the analogous result was obtained in [1-2]. Relative to parabolic equations in 
non-divergent form we note papers [3-6]. For second order divergent parabolic equations 
with uniformly degeneration the Harnack inequality was proved in [7], and for the 
equations with weakly (“logarithmic”) degeneration- in [8]. Note that the existence and 
uniqueness of a weak solution of the first boundary value problem for the equation (1) on 
fulfillment of the condition (2) was established in [9]. 
  
 10. The imbedding theorem with weight. 
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: α , TQ  is a cylinder ( )TT ,0−×Ω . Denote by ( )TQA  a set of all 

functions ( ) ( )TQCtxu ∞∈,  such that for each of them there will be found the domain 

( ) ( ) Ω⊂ΩΩ uu ,  and ( ) [ ]TTuu ,supp 0−×Ω⊂ . Let further ( )TQW 0,1
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completion of ( )TQA  by the norms 
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 The function ( ) ( )Ω∈ 0,1
,2, α

o

Wtxu  is called a weak solution of the equation (1) in Ω , 

if for any function ( ) ( )Ω∈ ∞
0, Ctxη  the integral identity 
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Integrating the last inequality with respect to t  from 1t  to 2t  and raising to the power 
σ
1  

the both side we obtain 
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Now applying the Young inequality we obtain 
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The theorem is proved. 
   
 20. Some auxiliary estimations. 
 Lemma 1. If ( )txu ,  is a positive solution of the equation (1) then for ,, 21 ττ  
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are valid, where ( )tx,η  is any non-negative function from ( )( )1QA . 
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It’s established that 
( )

AuB r

S
=≥

′
02max

ρ
. 

 Really, let it not be like this. We take ( )ABC ,∈ . Denote by E  a set 
( ) ( ){ }CtxuStx r >′∈ ,:, 02ρ . By proposition 0>mesE  and 

( )
( ) ( ) ( )

kmkm

k

km

km

km

k mesS
mesEC

mesS
mesECdxdtu

mS

r
m

−−−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≥⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
≥⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
=Φ ∫∫

σσσ

ρ

σ

ρρ
02 . 

And it means that CB
kmk
≥Φ=

∞→
lim . 

The obtained contradiction proves the lemma. 
The second inequality in statements of the lemma is proved in exactly the same 

way in addition instead of ( )ρS  we consider ( ) ⎟
⎠
⎞

⎜
⎝
⎛⊂

2
1QQ ρ , the estimation in lemma 1 is 

used for 1−<β  

( )σσ
σββτττ ν +

−−===−=
1

21,,
4
1

2
2

1

m

mR . 

 
 30. Estimations of maximum of solutions. 
 Lemma 3. At the same assumptions of lemma 2 the estimation 

2,2
16

3
1 2

1;max ⎟
⎠
⎞

⎜
⎝
⎛≤

⎟
⎠
⎞

⎜
⎝
⎛

Qucu
Q

 

is valid. 
 The lemma is proved by the same scheme as previous one only instead of ( )ρS  

we take ( ) ⎟
⎠
⎞

⎜
⎝
⎛⊂

2
1QQ ρ  and lemma 1 is used when 

tRm
m

m =−==−== 2
2

1 ,
4
1,,...1,0,12 ττββ σ . 

 Lemma 4. Let ( )txu ,  be a positive solution of the equation (1). Then there  exist 
the constants 1a  and 2a  such that for any 0>S  

( ){ } ( )
S

mesRcaSuDtxmes R 1ln:,
02

1711
E

≤+>∈ , 

( ){ } ( )
S

mesRcaSuDtxmes R 1ln:,
02

1822
E

≤+−<∈ , 

 
where  
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( )

( ) .10,
2
1:

,1
2
1;:

0

2

2
2

0

2

22
1

R

R

RD

RRD

E

E

×⎟
⎠
⎞

⎜
⎝
⎛−

×⎟
⎠
⎞

⎜
⎝
⎛−

 

 Proof. We use lemma 1, let ( ) ( ) ( )xttx ξωη =, , where ( ) 1=tω  when 2
1Rt τ−≤ , 

( ) 0=tω  when ( ) 10,
2

21 ≤≤−≥ tRt ωτ , ( ) 1;10,2
212

1

=≤<<≤
∂
∂ x

Rt
ξττ

τ
ω  in ( )10

2
RE , 

( ) 0=xξ  outside of ( ) ( ) [ ]1,0,10

6
5 ∈x

R
ξE , ni

Rx i
i

,...,2,1,3
21 =≤

∂
∂

+α
ξ . 

 We choose the function ( )xξ  such that for C  the set ( ){ }Cxx ≥ξ:  were convex. 
Let further uln−=ϑ , from lemma 1 we obtain 

             
( )

( )
( )

( )1
2
1 0

1
1219

2
2

11

2

0

6
5

2
1

2
2

2
1

2
2

0

6
5

R

n

i i
i

R

R

R

R
RR

mescdx
x

dtdx E
EE
∫ ∑∫∫ −≤⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
=

−

−

−

−

ττξϑλ
µ

ϑξ
τ

τ

τ

τ

.          (11) 

 Consider the averaging 
( ) ( ) ( )

( )
( )

( )
∫∫=

1

2

1

2

00

,
RR

dxxdxxtxtV
EE

ξξϑ  

and dispersion corresponding to this average 
( ) ( ) ( )( ) ( )

( )
( )

( )
∫∫ −=

1

2

1

22

00

,,
RR

dxxdxxtxVtxtD
EE

ξξϑ . 

 By lemma 2 

( )
( )

( ) ( ) ( )
( )
∫ ∑∫

=
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

≤
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

1

2

1

2
02

11

2

1

2

00

1
RR

dxx
x

mesRctDdxx
n

i i
iR

EE

E ξϑλξ . 

From (11) we obtain 

( ) ( )
( )

( )
( )

( )1221
1

2
0220

2
2

2
1

0

2

2
1

21
1 ττϑττ

τ

τ

−≤−+−−− ∫∫
−

cdxVdt
mesR

cRVRV
R

R

RR E- 2
E

. 

Let 2
1Rt τ−=  and 12 ττ =  then we have 

                                       ( )
( )
( )

21
1

2
020

2

0

2

1
1 cdxV

mes
c

dt
dVR

RR

≤−+ ∫
EE

ϑ .                             (12) 

Now we introduce the functions 

( ) ( )

( ) ( ) .
2

,
2

,,

2

2
21

2

2
21

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−+=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−+=

tR
R
ctVtW

tR
R
ctxtxw ϑ

 

Then we write the inequality (12) in the following form  
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                                     ( )
( )
( )

0
1

1

1

2
020

2

0

2

≤−+ ∫
R

dxWw
mes

c
dt

dWR
R EE

.                                (13) 

From (12) it follows that the function ( )tW  is monotone non-increasing, therefore for any 

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−≥⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−−∈

22
,

2
,

222
2 RVRWtWRRt , and for any ( )≤⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−∈ tWRt ,0,

2

2

 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−≤

2

2RW . Let 

( ) ( ) ( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

<∈= 1
0

2
1 ,:1 StxwxtE RE . 

 Then for ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−∈

2
,

2
2 RRt  

( )
( )
( )

( )
( )

( )( )210

2

1
20

22
0

2

20
2

11
10

1

StWtmesEc
dt

dWRdxWw
mes

c
dt

dWR
RtER

−+≥−+≤ ∫ EE
. 

Hence we obtain 

( ) ( )
( )

( )
( )∫ ∫

−

−

−

−=−≤
−

2

110
20

2

10

2

202
1

2

2

2

2

2 11
1

R

R R

R

RR

Sm
mes

cdttmesE
mes

c
SW

dWR
EE

 

and further  

( ) ( )
( )110

20
2

1

2

1
1

2

2

Sm
mes

c
StW

R
R

R

R E
−≤

−
−

−

−

. 

 Thus  

( ) ( )

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

≤

1

2

20

02

11

2

1

SRVc

mesRSm RE . 

The last inequality means that for any 0>S  

( ) ( )
20

02

2

2

22

2

1
12

2
ln:,

cS
mesR

R

tR

cRVSuDtxmes R

⋅
≤

⎪
⎪

⎭

⎪
⎪

⎬

⎫

⎪
⎪

⎩

⎪
⎪

⎨

⎧
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−>∈

E . 

Since ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−∈

2
,

2
2 RRt  then  

( ){ } ( )
20

02

11
1ln:,

cS
mesRaSuDtxmes R

⋅
≤+>∈

E , 

 where 
22
22

2

1
cRVa +⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−−= . 
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 It’s in exactly same way it is proved that if ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−>

2

2

2
RVS  and 

( ) ( ){ }2222 :, SwDtxmesSm >∈= , then  

( ) ( )

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

≤

2

1
2

220

02

22
RVSc

mesRSm RE , 

( ){ } ( )
20

02

22
1ln:,

cS
mesRaSuDtxmes R

⋅
≤+−<∈

E  

 where 
22
22

2

2
cRVa −⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−−= . In addition 2221 caa =− . 

 The lemma is proved. 
 Now we introduce the function ( ) ( ) ( ) ( )( ) 21 1

21 ,,,,, aa etxutxwetxutxw ⋅== −− , 
where ( )txu ,  is a positive solution of the equation (1). From lemmas 2 and 4 it follows 

that for ( ) 2,1,...,1,0,
1
1,

2
1

3
1

0 ==
+

=≤<′≤ jr ν
σσ

ρρ ν  

                                     
( )

( )
2,2123 ;1max 00 ρ

ρρ j
r
jn

r
j Swcw +′−
≤ ,                                   (14) 

                            ( ) ( )
S

mesRcSwStxmes R
jj

1ln:
2
1,

02

24
E

≤
⎭
⎬
⎫

⎩
⎨
⎧

>⎟
⎠
⎞

⎜
⎝
⎛∈ ,                             (15) 

where ( ) ( ) ( ) ( )ρρρρ QSSS == 21 , . 
 From (14), (15) in turn it’s derived. 
 Lemma 5. The inequalities 
                                                     ( ) ( )2,1,max 25

3
1

=≤
⎟
⎠
⎞

⎜
⎝
⎛

jctxwj
S j

.                                       (16) 

Proof. The inequalities (14), (15) are samely written for the functions 1w  and 

2w . Therefore it’s sufficient to prove (16) for 1=j . Let 
( )

( )
( )

( ) .1,,2max

,,lnmax

2423

1

ccK

txw
S

=

=ϕ
ρ

ρ
 

 The function ( )ρϕ  is monotone non-decreasing. If k3
3
1

≤⎟
⎠
⎞

⎜
⎝
⎛ϕ , then (16) holds 

with kec 3
25 = . Thus it’s possible to consider the case ( ) ⎥⎦

⎤
⎢⎣
⎡∈>ϕ

2
1,

3
1,3 ρρ k . We show 

that in addition for any ρρρρ <′′ ,,  the inequality 

                                           ( ) ( )
( ) ( )126

1
4
3

+′−
+ϕ<′ϕ nsc

ρρ
ρρ                                        (17) 

is valid. 
 We’ll divide ( )ρS  into two parts referring it at the first point, where 



Transactions of NAS Azerbaijan____________________________ 
                                               [A Harnack inequality for solutions parabolic equations] 
 

111 

( ) ( ) ( )ρρ ϕ≤<′ϕ txw ,ln
2
1

1  

at the second point, where 

( ) ( )ρϕ≤
2
1,ln 1 txw . 

We have 

( )
( ) ( )

( ) ( )ρρ

ρ ρ
ρ ϕϕ +

ϕ
≤= ∫∫ 0000 22

1
2

2,21 ; rr

S

rr eekdxdtwSw . 

We choose the non-negative number ν  so large that 

                                             ( ) ( )
( )
k

r ρ
ρσσ

σσ ν
ϕ

ϕ
>

+
= ln1

10 ,                                       (18) 

since ( ) 3>ϕ
k
ρ  and the function 

x
xln  decreases, i.e.  

( )
( )

2
1

3
3lnln1
<≤

ϕ
ϕ k

ρ
ρ

. 

At such ( )ρ00 rr =  from (14) it follows 

( )
( )

( )
( ) ( )

( )
2

1ln
2
1,lnmax 1223

0
1

ρ
ρρ

ρ
ρ

ϕ
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

′−
≤=′ϕ +′ nS

c
r

txw . 

 Using now (18) we obtain 

                             ( ) ( ) ( ) ( ) ( )

⎪
⎪
⎭

⎪⎪
⎬

⎫

⎪
⎪
⎩

⎪⎪
⎨

⎧

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

′−ϕ
ϕ≤′ϕ + 11ln

ln2
1

1223 nc

k
ρρρ

σρρ .                           (19) 

From (19), (17) follows. 

 Really, if the first addend  being in (19)in parenthesis, doesn’t exceed 
2
1 , then 

from (19) it follows 

( ) ( )ρρ ϕ≤′ϕ
4
3 . 

If  

( ) ( ) ( ) 2
11ln

ln
1223 >⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

′−ϕ +nc

k
ρρρ

σ , 

then  
( )

( ) ( ) ( ) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

′−
≤⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

′−
<

ϕ
++ 12231223

1ln41ln2ln nn cc
k ρρρρ

σρ . 

 Hence we conclude that 

( ) ( )
( ) ( )18

4
26

1
+′−

<ϕ≤′ϕ nc
ρρ

ρρ . 

 The lemma is proved. 
 
 40. A Harnack inequality. 
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 Theorem 2. Let ( )txu ,  be any non-negative solution of the equation (1) from 
( )( )10,1

2,2 QW& . Then the inequality 
( ) ( )txuctxu

QS

,inf,sup
3
127

3
1 ⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛

≤  

is valid. 
 Proof. From lemma 5 it follows 

( ) ( ) ( ) ( )( ) 2
25

1

3
1

2
12

3
11

3
1

,max,max,max,max 21 ctxutxuetxwtxw
QS

aa

QS
≤= −

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛

+−

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛

. 

Thus  
( ) ( )txuctxu

QS
,min,max

3
128

3
1

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛

≤ . 

 The theorem is proved. 
 The author expresses his deep gratitude to the corresponding-member of NAS 
Azerbaijan I.T. Mamedov for his attention to the work. 
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