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Abstract. In this paper we study the inverse boundary value problem
for the equation of transverse vibrations of the beam with an additional
integral condition. The original problem is first reduced to an equivalent
problem. For it the question of uniqueness of the solution is studied and
the theorem of uniqueness of the solution is proved.
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1 Introduction

In instrument-making, machine-building it is necessary to regulate vibration processes in
one-dimensional distributed systems and the relevance of these problems with increasing
the speed of mechanisms and increasing the size of the structure increases. For such prob-
lems, mathematical models of transverse oscillations are based on the refined theory [6].
Restoration of unknown parameters in the corresponding problem and other practical prob-
lems lead to the problems of determining the coefficients or the right side of the differential
equation according to some known data of its solution [1,9]. Such problems are called in-
verse problems of mathematical physics, which in many works [2,4,5,7,8] were studied for
partial differential equations. In inverse problems with initial and boundary conditions typ-
ical for a particular direct problem, additional information is given. The need for additional
information is due to the presence of unknown coefficients or the right side of the equations.

In this paper we investigate the inverse boundary value problem with additional integral
conditions for the equation of transverse vibrations of the beam in the case of rigid fixing
of the ends.
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Formulation of the problem and its reduction to an equivalent problem

1. Consider the area Dp = {(z.t) : 0 <z < 1,0 < ¢ < T'}. The equation of vibrations of
the beam

(2, 1) + Uggan (2, ) = a(t)u(z, t) + b(t)u(z, t) + f(z,t) (1.1)
and we substitute for it the following inverse boundary value problem: find the triple
{u(z,t),a(t),b(t)} of functions u(x,t), a(t), b(t) satisfying equation (1.1) with initial con-
ditions

u(z,0) = p(x), ur(z,0) = ¢(2)(0 <z < 1), (1.2)
with boundary conditions
w(0,t) = ugp(1,t) = uge(0,t) = Uper(1,8) =00 <t < T), (1.3)
and additional conditions
1
/ u(z,t)de = hi(t)(0 <t <T), (1.4)
0
u(l,t) = ha(t)(0 <t < T), (1.5)

where f(x,t), p(z), ¥ (x), hi(t) (i = 1,2) are given functions.

Definition 1.1 The classical solution of the inverse boundary value problem (1.1)-(1.5) is a
triple {u(z,t),a(t),b(t)} of functions u(x,t), a(t), b(t) satisfying the following conditions:

1 the function u(x,t) and its derivatives uy (2, t), ug(x,t), uzp(z,1t), Uge(x,t), Uppe(x, t),
Ugzaa (T, t) are continuous in Dy :

2 functions a(t) and b(t) are continuous on [0; T :

3 equation (1.1) and conditions (1.2)-(1.5) are satisfied in the usual sense.

The following theorem is true.

Theorem 1.1 If p(z) €

eC
ha (t) Ry(t) — ha(t)hy (1) #
is fulfilled

Cl0.1), hilt) € C2[0,7) (i = 1,2), ha(t) =
(x,t) € C(Dr) and the condition approval

p(1) = h2(0)3¢(1) = hy(0).

Then the problem of finding the classical solution of the problem (1.1) - (1.5) is equiv-
alent to the problem of determining functions u(z,t), a(t) and b(t), and having properties
1) and 2) determining the classical solution of the problem (1.1) - (1.5), from (1.1) - (1.3),

1
(L) — g (0, ) = a(t)hy(t) + ) + /f 2, 1)dz(0 < t < T) (1.6)
0

Ry (t) 4 Uzaaz (1, 1) = a(t)ha(t) + b(t)ha(t) + f(1,£)(0 <t < T). (1.7)
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Proof. Suppose that{u(x,t),a(t),b(t)} is the solution of the problem (1.1) - (1.5). Con-
sidering h; (t) € C'[0,¢] (i = 1,2) from (1.4) and (1.5), respectively, we obtain:

I

1 1
/ut (2, 8) dz = B, (b), /utt (.0 dz = KI(E) (0<t<T) (18)

0 0
we (1,6) = hy (), u (1,1) = hy () (0<t<T). (1.9)

Integrating equation (1.1) by x from 0 to 1, we have:

1 1
d—Qf (2, 1)dx + Ugpp(1,8) — Upge(0,8) = a(t) [u(z, t)dx + b(t)x
0, 0 (1.10)

1
x%b[u(x,t)dx —i—bff(ac,t)d:v 0<t<T).
Hence given (1.3), (1.4), (1.8) we come to implementation (1.6).
Substituting x=1 in equation (1.1), we find:

Utt(17t) + Umx:c:r:(la t) = a(t)u(Lt) + b(t)ut(lvt) + f(la t)(o <t< T) (L.11)

Given (1.5) and (1.9) of (1.10), execution (1.7) follows.
Let {u(x,t),a(t),b(t)} is the solution of the problem (1.1)-(1.3), (1.6), (1.7). Then from
(1.6) and (1.10) taking into account (1.3) we have:

y"(t) = a(t)y(t) +b(t)y'(t) (0 <t <T), (1.12)
where .
y(t) = /u(:r,t)dm Cha(t) (0<t<T). (1.13)
Because of '
1 1
[ @iz =m), [ v = 1)
we find " '

From (1.12), given (1.14) it is obvious that y(¢)
(1.13), we easily come to fulfillment (1.4).
Next, from (1.7) and (1.11), we obtain:

(L1~ ha(0) = a(t) ({0 )~ ha () +h(D) % (u(L.1)=ha(0) (0 < ¢ < T) (L15)
Because of ¢(1) = ha(0), (1) = h%(0), we have
u(1,0) = h2(0) = ¢(1) = h2(0) =
ui(1,0) = hy(0) = 9(1) — h5(0) = 0. (1.16)
From (1.15), (1.16) it is clear that the condition (1.5) is fulfilled. The theorem is proved.
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2 Solvability of the inverse boundary value problem

The first component u(z, t) of the solution {u(x,t),a(t),b(t)} of the problem (1.1)-(1.3),
(1.6), (1.7) we will look in the form:

= iuk(t) sin )\kx ()\k = g(Qki - 1)) 5 (2-1)

where
1

ug(t) = /u(az, t) sin Apzdx.
0
Then applying the formal scheme of the Fourier, we have from (1.1) and (1.2) have:

uf (t) + Mpur(t) = Fr(t,u,a,0)(0 <t < Ty k= 1,2...), (2.2)

where

Fiy(t, u, a,b) = a(t)ur(t) + b(t)up(t) + fu(t),

1
2/f x,t) sin \yxdz,
0

1 1

VK = 2/@(:16) sin A\gzdz, Y = Z/w(:v) sin \gzdz(k = 1,2...).
0 0
Having solved the problem (2.2), (2.3), we find:

1
ug(t) = g cos )\it + Pwk sin )\%t—k
k

t
1
A2/ (7,u,a,b)sin \a(t — 7)dr (k=1,2..). (2.4)
k
0
After substitution of expressions from (2.4) to (2.1),
= 1
u(x,t) = ; {(pk cos \it + Yiw” sin A2 t+
) t
+ )\—z /Fk(T, u,a,b)sin \s(t — 7)dr p sin \p. (2.5)
0

Now from (1.6) and (1.7) taking into account (2.1) we have:

1
a(t) = [A(8)] ™ a(t) | AT (2) —/f(xjt)dfr — hi(t) (h3(t) — £(0,1)) +
0
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+Y N (h&(t) - (—1>’“‘1Akh’1<t>)uk<t>} : (2.6)
k=1
1
b(t) = [h(t)] 7§ ha(t) (W5 () — £(0, 1)) — hh(1) h’{(t)—/f(w,t)dw +
0

+Z)\3< DR (8) — hg(t))uk(t)}, 2.7)

where , .
h(t) = hi(t)hg — ha(t)hy(t) #0(0 <t <T).
Substituting the expression (2.4) in (2.6) and (2.7), respectively, we obtain:

1
a(t) = (&))" § ha(t)(hy (1) — /f(af,t)dx) = hy(8)(ha(8) = f(0. )+
0

#3088 (Ha60) — (C1FIABL() X
k=1

t
X | pp cos it + iquk sin A2t + 12/ (T5u,a,b)sin \f(t — 7)dr| 3, (2.8)
>\k )\k’ 0
1
b(t) = [A(8)] 7" § ha()(ha (1) = £(0,2)) — /f
0

St (-0
k=1

1 1
X | g cos )\it + F@Z)k sin )\it + 2z Fy(7,u,a,b)sin A%(t —T)dt . 2.9
k k

Thus, the solution of the problem (1.1) — (1.3), (1.6), (1.7), it was reduced to the solution of
system (2.5), (2.8), (2.9) relatively unknown functions u(z,t), a(t), b(t).

To study the uniqueness of the solution of the problem (1.1) - (1.3), (1.6), (1.7) the
following Lemma plays an important role.

Lemma 2.1 If{u(m t), ( ),b(t)} is any solution to the problem (1.1)-(1.3), (1.6), (1.7),
then function uy(t) = 2 f u(z,t) sin \pxdx (k = 1,2...) satisfies system (2.4) at [0; T'.

Proof. Suppose that {u(z,t),a(t),b(t)}-is some solution of the problem (1.1)-(1.3),
(1.6), (1.7). Multiplying both parts of equation (1.1) by a function 2sin \yx (kK = 1,2...),
integrating the obtained equality with respect to x from O to 1 and using the relations

1 1

d2
/utt(w,t) sin A\gzdr = ) /u(x,t) sin \pzdr | = ul(t), (k=1,2...),
0 0
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1 1
/umm sin A\pzdz = )\i /u(x,t) sin \pzdz | = )\%uk(t)(k =1,2...)
0 0

we obtain that the equation (2.2) is satisfied.

Similarly, from (1.2) we obtain that the condition (2.3) is satisfied. Thus, u(t) (k =
1,2...) it is the solution of the problem (2.2), (2.3). Hence, it follows directly that the func-
tions ug(t) (k = 1, 2.. ) satisfy on [0, T system (2.4). The Lemma is proved.

Obviously, if uy(t) = 2 fo x,t)sin \gxdx (k = 1,2...) is the solution of the system
o
(2.4), the triangle {u(:z:, t),a(t),b(t)} of functions u(z,t) = > ug(t)sin A\gx, a(t), b(t) is

k=1
the solution of the system (2.5), (2.8), (2.9).
It follows from the Lemma that there is a consequence.

Corollary 2.1 Let the system (2.5), (2.8), (2.9) has the only solution. Then the task (1.1) —
(1.3), (1.6), (1.7) can not have more than one solution, i.e. if the problem (1.1) — (1.3), (1.6),
(1.7) (1.2) has a solution, then it is the only one.

o0

We denote Bg% [9] the set of all functions of the form u(x, t) = kzl ug(t) sin Az (A\g) =
= 7(2k — 1)) considered in D, where uy(t) € C*[0;T] (k = 1,2...) and

I'(u) = {Z ()\2 ||Uk(t)”(j[o;ﬂ)2} + {Z ()\i Hu;(t)HC[O;T]f} < +o0.

k=1 k=1

The norm in this set is defined as:
[t )y = T(w).

Through E;’g denote the space BS% x C'[0,T] x C[0,T] vector of functions z(x,t) =
{u(z,t),a(t),b(t)} with the norm

l2(z, )l gg.a = llul@, Il 5, +la®lcpm + 18O cpm -
’ 2

,4

T
. 5.3 5,3

It is known that B, and E° are Banach spaces.

Consider the operator E;‘s in space ®(u,a,b) = {P1(u,a,b), P2(u,a,b), P3(u,a,b)}

where @1 (u,a,b) = a(z,t) = 3. Gx(t)sin \px, Po(u, a,b) = a(t), P3(u,a,b) = b(t),
1

and ux(t) (k = 1,2...), a(t), I;(t) are equal respectively right parts of (2.4),(2.8),(2.9). Of
(2.4) it is not difficult to see that

W (t) = = A2 sin A2t + 1y cos \at+

+/Fk(7‘, u,a,b) cos \p(t — 7)dt (k=1,2...). (2.10)

With the help of easy transformations, respectively, we find:

l

{i(AZIIﬂk(t)HqO;T])Q}%g@{iww } {i - }é

k=1 k=1
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T % 1
o0 oo 2 2
+VoT ( [ Ot ) wmau)ucm,ﬂ{Z(xirruw)ucm) } +
0 k=1 k=1
= ,)
+VET [[b(®)l oo, {Z (At ®) o) } : 2.11)
k=1

{i (¥ Huu?f)l!cm;ﬂf}é < \/B{i (Ailm)?}% . ﬁ{i . |¢k‘)2}; +

k=1 k=1 k=1

[N

T ©© 5 9 % o) . 9
VAT [F OHAMD dar ) +VT laleon § - (A lu@lenn) | +
k=1

k=1

N[

> 2
6@l cpo,m {Z (N Nt ®llcporr) } : (2.12)

k=1

lalopr < [ 4 *

h;(t)<h” /f;vtdm) Wy (1) (Hy(t) — £(0,1))

+
C[o,T]

s

FRO]+ Ol (zw) {{zuzwk } {z O3 1) }

K=1 k=1 k=1

1
2

T o0 2 o0
+VT (/Z X (T 7') + T [la(®)ll oo,y {Z ()‘2 ||Uk(t)”c[o;T])2} +
0

k=1 k=1

k=1

+T(|b() [l cpo,my {Z (/\% Huﬁg(t)Hc[o;T}f} ] } , (2.13)

e

cl,r] —

x{h1<t><h'z’<> 7(0,0)) (h“ /f:ct )

+|||h1(t)|+hQ(t)|||C[O,T]<Z)‘k> HZ X% k) } +{Z(>‘2|¢k‘)2} +

K=1 k=1

clo,1)

1

T o) % o) 2
+VT (/Z A | fu(r T) + T [la()ll o, {Z ()\2 ||uk(t)”C[O;T])2} +
0

k=1 k=1
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+ T [16(8) [l oo,y {Z (Az H“%(t)ch])z} ] } (2.14)

Let the problems (1.1)-(1.3),(1.6),(1.7) satisfy the following conditions:

Lp(x) € C*0,1],¢P)(z) € L2(0,1),0(0) = ¢} (1) = ¢"(0) = ¢"(1) = ¥ (0) = 0;

2.4 (x) € C?[0,1]9"(x) € L(0,1),4(0) = /(1) = ¢"(0) = 0;
3~f($at),fx(x’t)vfxz(x't) € L(DT)’fxxx($at) € L2(DT)a

f(O,t) = fx(lvt) = fa:x(ovt) = 0(0 <t< T);

4.hi(t) € C?10,T) (i = 1,2),h(t) = h1(t)hh(t) — ha(t)hi(t) # 0(0 < t < T). Then
from (2.10) and (2.12) we have:

(@, ll gz < AUT) + Bi(T) (la®) e + 16O o) u(@Dllgss s 215)
where

M) =B, By T oy

By(T) = 2v/5T.
Then from (2.13) and (2.14) respectively get:

a(t) oy < A2(T) + BaAT) (la®)llcpo.z) + 16Oy ) It Dll gz, 2.16)

o) 2y = A9+ BoAT) (le® oy + BOllciory) B Dl g 217
where
Ay(T) = H[h(t)]_IHC[O,T] .
1
{ 10 (1400 - [ seae) =50 00 - 0,00+

122()] + (W@l ey 27

1

" (Z M 2) [H@(SWHMO o I @0+ VT W oae(@ Ol aor 11
K=1 ’

BoT) = [ L O]+ B Ol ooy *

clo,1]

x (Z )\,;2> [H4p(5)(x)HL2(O 3 + ”W”(fc)HLz(o,l) + \/THf’”m(a?’t)HLQ(DT)] }
K=1 7

45 (1) = o)

X
Co,T)

1
ha (£) (R (1) — £ (0, 1)) — ho (8) (R(2) — /0 f (1) de

+
clo,1)
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+[[1h1 @) + [h2 Ol 0.1y (Z /\/;2> X
k=1

X |:HSO(5) (:E)HLQ(OJ) + Hlj)m (:E)HLQ(O,l) + \/Twazx ($7t)||L2(0,1):| } ’

1
2

BS(T) = || g N1 ()] Ih2(Ol . (Z Af) T.
’ K=1

From inequalities (2.15) - (2.17) we conclude

[a(z, Ol gz + lla®)ll o) + Hg(t)HC[O 7] =

< AM) + B@) ((la®lopm + 1Olopn) 3@ 0l g3),  @18)
where
A(T) = AL(T) + Ax(T) + A3(T), B(T) = B1(T) + B2(T) + Bs(T).
The following theorem is proved by means of inequality (2.18).
Theorem 2.1 Let are executed (1.1)-(1.4) and
B(T) (A(T) +2)* < 1. (2.19)
Then the problem (1.1)-(1.3), (1.6), (1.7) has in the ball K = Kp (qu g < A(T) + 2)
of the space E%g unique solution.
Proof. In the space E>®, we consider the operator equation
z =Pz, (2.20)

where z = {u,a,b}, are the components of the operator is defined right-hand sides of
equations (2.5), (2.8), (2.9) accordingly.
Consider the operator @ (u,a,b) in a ball K = Kpg <||z||E5,4 < A(T) + 2) of E;’?’.
T

Analogously (2.18) get that for any z, 21 2o € K fair estimates

0215 < AT) + B@) ((la®)legour) + Ol egory) I, Ol gy )+ @20
|21 — B2 s < BIT)R (lax(t) — a2(0)]| oz +

 (1016) = ba®)ll oz + lea (,) = ol D)l g ) (2.22)

From estimates (2.21) and (2.22), with consideration (2.19) it is clear that the operator ¢
acts in the bowl K = Kpg is the compressive. That’s why in the bowl X' = K roperator
& has a single fixed point. {u,a,b} which is the solution of the equation (2.20), that is
{u, a,b} has in the bowl K = K, a single solution of system (2.5), (2.8), (2.9).

Function u(z,t), as an element of space Bg’:gp , continuous and has continuous deriva-
tives 7

Ug (2, 1), U (2, ), U (T4 1)y Ugpa (T, 1), ug (2, 1), Uty (X, 1), Upzr (2, t) and Drp.
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From (2.2) it is not difficult to see that u}(t) € C'[0, 7] and

- 1/2 1/2
<Z ()\kHu;’(t)HC[&T]f) <\f<z ()\5k||uk(t)||0[0,T])2> +

k=1 1

+lat®uata,t) + btyun(a, ) + ol e, -
I La[0,1]

It follows that u(x,t) continuous in Dp. We can show that the equation (1.1) with
condition (1.2), (1.3), (1.6), (1.7) satisfied in the usual sense. And this in turn means that
{u(x,t),a(t),b(t)} is the solution of task (1.1)-(1.3), (1.6), (1.7) and by virtue of the corol-
lary of Lemma it is the only one in the bowl K = K. The theorem is proved.

With the help of theorem 1, from the last theorem immediately follows the uniqueness
of solvability of the original problem (1.1)-(1.5).

Theorem 2.2 Let all conditions of the theorem 2 be satisfied, as well as the conditions of
approval

1
pla)dz = m(0), [ )z =B (0), (1) = ha(0), (1) = 5(0).
0

o _

Than the tasks (1.1)-(1.5) has in the bowl K = Kpg <||z||E5,4 < A(T) + 2) in space
T

E;"ga single classical solution.
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