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Effect of wave generation at critical time combined viscous-elastic ring
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Abstract. In this paper we consider the problem of loss of stability for
a ring as a result of external pressure. The pressure intensity is set. The
ring is three-layered, composed of various materials, the ring structure
is symmetrical about the middle surface, the material of the ring is vis-
coelastic. The article studies the critical time of stability with the aid
of various geometric theories. In addition, we consider how the number
of waves affects this critical time. The possibility of exact solutions of
such problems is difficult, since as a result we have to solve a nonlinear
boundary value problem with discontinuous coefficients. Therefore, it is
necessary to resort to variational methods of solution.
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1 Derivation of the variational equation

We introduce the ring of radius R and thickness 2h in the polar coordinate system (z, ¢).
Suppose that it is made up of s alternating connected concentric layers with different values
of the modulus of elasticity Fy1 and creep functions

D1 {(t—7) o(n)}[k=0,1,...(s=1)].

Further, we shall regard them as linear with respect to the voltage o

D {(t=7) o (1)} = Fp (t=7) o(7) ,
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where F}_ | (t — 7) is the difference kernel of creep, and the prime denotes differentiation
with respect to the parameter (t — 7) [1]. The thickness of each layer will be denoted by
0. Thus, 61 + 62 + ... + 65 = 2h there is a full thickness of the ring.

In [4], an analogous problem was solved by using a theory in which the nonlinearity of
the deflection is taken into account w and the inequality w/ R << 1 (simple nonlinearity)
is assumed to be satisfied.

The following assumptions are based on the geometrically nonlinear theory used here:

a) in the process of deformation, the nonlinearity is simultaneously taken into account
both in deflection w and in tangential displacement v (total nonlinearity);

b) neglecting the tangential displacement, we confine ourselves to nonlinearity only of
the deflection (partial nonlinearity).

The remaining assumptions of the theory of condensed multilayer rings are listed in [4].

Under the assumed assumptions, we write out the physical relation for the package as a
whole in the form of a single equality [5]

¢
8¢:U+/F,;+1(t7') o(r)dryar < z<ag (1.1)
Bt
0
where
ar=—h+Y 6 (6 =0). (1.2)
=0

Consider the function Fy_, (¢ — 7) in an exponential form:

A
Fl o, (t—7)= E’,: e (=), (1.3)

Here Ay are the creep coefficients of the materials of the layers and the indicator « is
assumed to be the same for the entire package.

Let us now consider the stability of a selected ring, compressed by a compressive load
uniformly distributed over the outer surface ¢ = const.

Due to the hypothesis of flat sections, we write

e=¢y+ kz.

Taking into account the assumption a) the magnitude g and curvature & are determined
from the formulas of the nonlinear theory of thin shells [8]:

€ _1 w—l—@ —l—L @—i-w 2+ a—w—v i
TR 0p 2R? Do Op ’

1 [(0%w Ov
o= (55 55): .

For case b) the corresponding formulas are reduced to the form:

w 1 9 ow '\ 1 (0w
. g =—— (= . 1.
€0 R+2R2 {w +<8g0> },ﬁ 2 <8<p2 (1.5)
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We solve the problem by means of the variational method [2], in which the expressions
for the functionals for cases a) and b) have the following form, respectively:
2m

K—R/h/ e 1020 ) (2 ) | e
= oé TAGE 0 90 w pdz
—h 0

27 _1 2 s—1 Ap41
. R &2
Z ePodzdp+ < | > dzdp, (1.6)
P 2 Pt By
0 Y ag

27rs—l +1 .9
_R/Z/g‘%dzdgoJr];/Z/ 7 dxde. (1.7)
— ) =

We differentiate by the parameter ¢ (physical time). From (1.3) we have:

Jad (t . 7_) _ _a@efa(tff)

Ej 1
and for £ writing
t
1
€® = o+ Ap |0 —«a / e g (7)dr| . (1.8)
Ekiq
0
Taking into account (1.8) in (1.6) and (1.7), we obtain the following expressions for the
functionals:
h 27
i 2 o0 2
K:R// 06—|— o Y + —v—i—u') dy dz—
dp dp
—h 0
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27r A af+41 t
—1—OzR/Z kot / / —a(t=7) (1)dr p dzdyp (1.9
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0 ag 0
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h 2w i 9
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Ak+1

t

k+1 . —a(t—T)

—l—ozR/Z B /0‘ /e o(r)dr p dzdp (1.10)
0

ag

for case b).
To obtain the final form of the functional, we use the Rayleigh-Ritz method. To this end,
as approximating functions, as in [4], we set

w = wy (t) + wq (t) coslp,v = v(t)sinly, M = m (t)coslyp, (1.11)
or after differentiation with ¢ respect to the velocity, we have:
w = wg + U coshp,z}:Q‘Josinlgo,M:mcoslgo, (1.12)

where the value [ takes even values (2,4,6) and characterizes the number of waves in the
circumferential direction, in particular, for [ = 2, the buckling of the ring occurs as a ’figure-
eight”. But wg, w1, ¥g and 7 are independent variable parameters. Because of its thinness,
the circumferential voltage ¢ varies linearly according to thickness:

qR 3z

3z .
= 2 ror = 22T 1.1
on o 0= 913 (1.13)

2 The case of total nonlinearity

The subsequent course of the calculations is that the relations (1.11) - (1.13) are substituted
into the expression of the functional (1.9), after integration with respect to z and ¢, we find
it as a function of wy, wi, vy, m and their derivatives with respect to ¢. Carrying out the
appropriate calculations, we get:

K= ”]_é Wy + Togr — —qwl — T2 — —qvo - 7rqw0 — Zqui-
. . - - 2.1
—2mlqun vy — anmz —2 h?vgmm + a9h§72m f e~ =T (1) dr.
In (2.1), for brevity of the notation, the following notation is introduced
s—1 1 Gp41 _ A k41
_ 2 _ k+1 2
N = Z o / z4dz, 9 = Z o z%dz. 2.2)
k=0 ~Ft k=0 ~Ft
ag ag

The stationarity condition - § K = 0 is the constructed functional (2.1) corresponding to
the equality of the expressions

0K 0K 0K oK
— =0,7—7 =0, =0and — =0,
Oy 0wy " 9o om
leads to the following system of three ordinary differential equations
R S S ?-1 ,
m=—7 Twal (i.e. m = 0 when ¢ = 0),
. 1.2 T
Uy = ——wi, — W1 + =Vo m—
0 l 1, R 1 R 41,6 762

t

9R 9R B

T ap6 2™ + 044h6’72/ =" (r) dr = 0. (2.3)
0
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Combining equations (2.3), we can write

, 2-1 , 9(1>~1)R? 9(12—1)R?
w1\ ==t —gEpe 129 | T —gpEpe—V2qWi—
9(12—1)R? 24

t
—awvgq‘f@*a(t”)wl (1) dr =0.
0

Equation (2.4) must be supplemented by the initial condition
wy (0) = w?.

Here, the value w{ represents the deflection value immediately after applying the load
q. The consideration of the problem of stability in viscoelasticity is meaningful only if the
effective load is less than the critical load. Since the instantaneous deformation is linearly
elastic, it is natural to apply the variational principle [3] to determine w! and g, it is natural
to set the same probable distribution of stress, displacements and angular momentum as
in the analysis of viscoelasticity, that is, representing w, v, M and ¢ by formulas (1.11)
and (1.13). Leaving basically the previous notation, in this case we write the corresponding

functional in the following form:
2
o N (o0 NI
— 0 — 4w z—
e I v

h
K:R//{m+
h O
Ak+1

—/Z /adzdg@—l—R/wdgo
El1

ag

However, here by a point we mean differentiation with respect to ¢. Calculating this
functional and varying it with respect to wyg, w1, U9 and 1, finally we arrive at the following
differential equation for

3R2 (12— 1 212 (12 —1) B3R2(%—1 -
wlzwl{()nz}{ ( )— ( )qnz} . (2.5)

2124 3R 2024

To determine the critical load, the denominator of equation (2.5) must be equated to
zero. From here
412hS
Ger = W’OQ , (2.6)

and the magnitude of the instantaneous deflection is found by the formula, which can be
easily established from the integration of equation (2.5) by the method of separation of
variables:

1
—m
11— 95}2% 76112

wl = wy (2.7
Here, the value wy’ is the given amplitude of the initial imperfection of the ring.

We introduce the following dimensionless relations, which make it possible to signifi-
cantly reduce subsequent entries

w1 q Wt/n
h Qer 2
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ans 7!
Win =4 W”Q )

but g, is determined by formula (2.6).

Such dimensionization w aims to write down the problem further in a form that depends
explicitly on [. As for w, then, as already noted above, for it we have an inequality w < 1,
from which it follows that w; /,, < 12. Now, equation (2.4) and the initial condition (2.7) will
look like this:

then

t

Wt /n. —oa(t—1
R y—@/@ =7y () dr b =0, (2:8)
1
Yo = vaa (2.9)
—
where ¥
v_ Wi
o

Taking into account the differentiation formula under the integral sign, we have
t ° t
/e_a(t_T)y (r)dr p =y— a/e_o‘(t_T)y(T) dr,
0 0
which reduces equation (2.8) to the form
¢ .

Wi/n 72 / —a(t—T) _
t) — 50———— € T) dT = 0.
O ] v

Integrating the expression in curly brackets, we get:

t

y(t) — / e~y (7) dr = C. (2.10)
12— wiyn M2 )

We define a constant C' using condition (2.9). When ¢t = 0
C =y (0) = yo,

exactly

_ Vv
C_y 1_Wt/n'

Then, if we denote by (3 a combination

Wt/n Y2
f= gtln 22
[ — W /n 112

from (2.10) we have:

t
y(t)—p / e~y (1) dr = yo. (2.11)
0
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From this, using the substitution —\ = § — «, we reduce equation (2.11) to the form

t
ﬂ/e MHBE=T)y (1) dr = yo. (2.12)
0

Now we can immediately write the solution of the integral equation (2.12) [7]

y=1yo{ 1+ B/e‘“t‘”df . (2.13)

Calculating the integral appearing in (2.13), we obtain

y(t):y0{<1—§> e_’\t+%}. (2.14)

According to the formula (2.14) we have that, depending on the sign A, various solutions
are possible. If A < 0, then there is an unlimited growth of the deflection in time. When
A < 01t is exponential, and for A = 0 - linear, and

y=1y (1+at),

as can easily be verified by applying the Lopital rule to (2.8). If A > 0, then, there is a
limited increase in deflection. Its limit value is determined by the value . = 3o, where,
by definition o/ A > 1.

3 The case of nonlinearity only of deflection

Neglecting the tangential displacement, we confine ourselves to a nonlinearity only of the
deflection. The corresponding relations (1.11) - (1.13) are substituted into the expression of
the functional (1.10) and after a certain procedure we have:

K= ’T}l% w1 — —qwl - 7qu0 2qu')% 987;157727712

3.1
h6 R omm + agﬁlé%ygmfe At=")m (1) dr. @D

Here 72 and 7 are determined by formula (2.2).
As a result of calculations performed similarly to the previous ones, we get:

. 2 9(12+1)R? 9(12+1)R?
Wi <—,§ T G q) T+ A o -

2 2 t (3.2)
—aig(lzl;igR Yo q [ e~ =Ty (1) dr = 0.
0
Here, the value ¢, of the critical force for the case of non-linearity of the deflection, which
is determined by the formula:

1612h°
Qer = W% s (3.3)
and the magnitude of the instantaneous deflection is found from equation
0 v 1
wy; = W, 45R3q (34)

1- 161Z2h6 772
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We note that the relations (3.3) and (3.4) were obtained in the same way as in paragraph
2 for the nonlinear theory adopted here.
We leave the former dimensionless relations

w1 g Wp/n

= —aw=— =
Y= ger 12

16h¢ 7"
wp/n =4q @772 )

but ¢., is determined by formula (3.3), equation (3.2) and the initial condition (3.4) can be
rewritten as follows:

then

¢
w n. — —
§— —g 2 y—afe Uy () dr p =0, (35)
e~ Wpn'P 0
1
Yo = y\/ Wp/n (3.6)
1—Zpn

Vv
where y¥ = L.

Now it is not difficult to write down the solution (3.5), which has the form:

_ APy Q‘}
y(t)—yo{(l A)e —f—)\ . 3.7
Here 5 — a = — A, but 3 is determined from equality

,8 _ (A)p/n E
T 54 )
2 0~ Wpn P2

4 Numerical calculation and conclusions

The purely visual identity of the solutions (2.14) and (3.7) obtained is quite understandable
by the conducted dimensionlessness, since in both cases the critical force is chosen from the
solution of the corresponding linearly elastic problem. Therefore, here the question should
be formulated as follows: specify values that correspond to the same value gq. Obviously,
then the numerical values of instantaneous deflections will be different.

Taking w,/,, = 3, as was borrowed from [4], where the case of geometric nonlinearity
is investigated, from the preceding arguments we have the following chain of equalities:

ws/nqg") = p/nqg) = wt/nq£§)7

where in - - -
1) _ I“h -1 (2) _ 161°h -1 (3) _ 41%h 1
ey’ = 9R3 Mo s qey” = 45R3 Ny ey = OR3 T -

Here the upper indices correspond to different theories of nonlinearity, namely: (1.1) - sim-
ple nonlinearity, (1.2) - partial nonlinearity, (1.3) - total nonlinearity. Hence we have:

Wp/n = 0,94, Wi /n = 0,75.

The solutions (2.14) and (3.7) obtained above are, in principle, applicable to arbitrary
values t. However, very large deflections in rings, which are elements of structures, are
inadmissible in themselves. Therefore, it is very reasonable to limit the time of operation
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of the ring by the condition that a deflection of a certain value fixed from certain physically
grounded considerations is reached and thereby determine the critical stability time ¢.,.
Let us y = 1, assume that it corresponds to a dimensionless deflection equal to half the
thickness. According to the noted, we will write down

(-5 -5

1
ter = ——1In

A

where we find

4.1

A—ayo
Ayo (1-%)

We confine ourselves to the case A < 0 and give some results of calculations corre-
sponding to different values of the physical and geometric parameters characterizing the
ring.

We take vV = 107! and give the numerical values of the instantaneous deflection ()
corresponding to the same compressive force ¢, depending on the number of waveforms [
(Table 1). Such a choice of values w always ensures the condition for the fulfillment of the
inequality w / 12 < 1 and is suitable for any number of waveforms .

The ring is represented by a three-layer (s = 3) and having the following periodic struc-
ture

We introduce additional dimensionless notation

E1 AQ 52
E=— A=—"and £ = =.
Ey’ Ay and ¢ 01
Proceeding from this, according to formula (1.2), for a; we have:
1) 1)
ap = —h,a; = —52,@ = 52703 = h.

The above allows us to determine the ratio 7y, / 72 that appears in the formulas for 5 and
is written in the form

v, Lt 1,56 +0,75¢%2 + 0,125 EAE?
me L 141,56 +0,7562 + 0,125 6

Now give the value for the parameters:
A1 =0,8 sec’t; E=0,25; £€=4; A=0,25; a=0,005.

We represent the results of calculations performed on the basis of the dependence (4.1)
obtained above (Table 1). Here it is important to indicate that in calculating the parameters
of the ring were chosen in such a way that the condition A < 0 was always preserved. As
for the values «, F and A, then they are borrowed from [6].
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Table 1. Numerical values of instantaneous deflection and critical time

w | Wem =3 | wpn =0,94 | wyy, =0,75
=2

m 0.4 0.13 0.12

ter 5,3995 9,0546 12,5835
=4

i) 0,123 0,106 0,105

ter 62,3997 62,3485 67,3284
=6

10 0,109 0,103 0,102

ter 174,4774 | 172,6963 180,3343

The values of the critical time for the homogeneous case (F = A = £ = 1) for a =
0, 005 follow from (4.1):

atl =2
t) =501 sec,t?) = 8,38 sec, t3) = 11,53 sec,
atl =4
tg,) = 57,56 sec,tg,) = 45,32 sec,t(cf’,) = 48, 85 sec,
atl =6

() = 159,06 sec, t?) = 120,68 sec, t®) = 125,69 sec .

cr yver

5 Conclusion

Thus, the numerical calculation allows us to conclude:

— taking into account the total nonlinearity leads to a significant increase in the critical
time, from which it follows that, other things being equal, this leads to the possibility of
more rational use of the bearing capacity of the ring;

— the critical time in various nonlinearity theories is calculated and comparisons of the
wave formation numbers within each theory are made;

— the increase in the number of waveforms has a strong influence on the value of the
critical time.
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