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A finite length rectangular bar under the action of axial impact forces
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Abstract. In the article, the dynamics of an elastic parallelepiped, sub-
Jjected to the action of the impact forces, is studied. An exact analytical
solution for constant loading along the end section areas, and in the
presence of free side surfaces of parallelepiped, is received.
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1 Introduction

The paper is logical continuation of a cycle of works [1]-[3] of the author devoted to dy-
namic of rectangular bars.

The peculiarities of these works is that they were performed by a specially developed
method on the basis of which an exact analytic solutions of the famous three-dimensional
problems of theory of elasticity were constructed.

In the paper [3] the analytic solution on wave propagation in a semi-infinite rectangular
prism with free lateral surfaces, was constructed. The present paper is similar to this, except
that the prism’s length is finite. Emergence of two additional obstacles in the path of wave
propagation (in the form of end areas) undoubtedly even aggravates the already complicated
wave picture of the movement even more. Since in the case under consideration the body
has finite dimensions, for the existence of a unique solution the opposite ends are exposed
to opposite impact loads so that the resultant force was zero.

The exact analytic solution of the stated problem is found for the case of constancy
of impact loads in the domain of end areas. Recall that the similar statical problem on
equilibrium of a parallelepiped (a problem unsolved up to day) was stated in 1852 by G.
Lame and bears his name. Then the Paris Academy of Sciences established a prize for the
author of this solution.
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2 Statement and solution of the problem

A rectangular, elastic, finite length bar, a parallelepiped is exposed to the action of opposite
axial impact forces applied to the end areas. The lateral sides are free from forces and this
complicates the process of constructing solutions.

Obviously, the problem under consideration requires the solution of the initial boundary
value problem of mathematical physics, the motion is described by the system of three-
dimensional Lame equations that in the vector form has the form:

PU
oz
and it happens in the domain of the space occupied by a parallelepiped: —a < z < a,

—b<y<bh -l <z < lfort > 0. To this system we join the following initial boundary
conditions:

(A + ) graddivU + pAU, U =U (u,v,w) 2.1

U=0; U=0fort=0 (2.2)
0., =00f(t) u=0, v=0 for z =+l (2.3)
Oy = Ogy = Oz, =0 for x = Fa, 2 >0
Oyz = Oyy = 0y, =0 for y =+b, 2>0 24)

where U is a displacement vector, {0} is a stress tensor, A, u are the Lame coefficients, ¢ is
time, p is the material’s density.

Following [1], [2] the problem (2.1)-(2.4) is reduced to integration of a simpler, but this
time to a homogeneous system:

i Hivbg — (A +2p) Hip =0
H3¢1 =0
AH3s =0
where H;" and A are three-dimensional Helmholts and Laplace operators, respectively:

82 62 82 2
A A
ox?  0y? 022
0? 0? 0?
A= — 4+ — + —;
Ox? + Oy * 022’
and the three new functions ¢, ¥1, )2 are connected with transformations of three compo-
nents of displacement by the Laplace operator by the formulas:

dp O P

“= Oz oy 920z
e ok 0%

Oor Oy 020y
0o 0%y 0%y
W= —— — ——— —

This system is equivalent to the following system:

AHfp =0
{H{‘wl =0 . (2.5)
AH o =0
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The solutions of the similar problem of an infinite prism will guide to determine the form
of the solutions.
We can look for the solution in the form:

¢ = o(z). (2.6)

Having substituted (2.5) in the first equation, taking into account considerations on sym-
metry, we get:

o= Achglz. 2.7)

The constant A is determined from conditions (2.3) after their transformation by the

Laplace operator:
2

0
(A +20) 5% = 0of (p) == L.

Hence )
_ C1O'Of (p)
p? (A +2pu) ch 21

Note that allowing for (2.8), solution (2.7) satisfies all end conditions (2.3).

This condition corresponds to longitudinal waves that simultaneously start from the ends
and propagate along the prism’s axis, in opposite directions.

Undoubtedly, interaction of these waves with free lateral surfaces causes first of all trans-
verse wave motions.

At first we note that all the solutions corresponding to these waves satisfy the zero end
conditions; consequently,

(2.8)

u =0
v=20 } for z = +£l. 2.9)

0., =0

These waves, reflected from the lateral surfaces may be sought as the solutions of the
third equation of the system (2.5) subject to conditions (2.9). It is appropriate to note that the
conditions (2.9) can be automatically satisfied by the choice of the solution in the following
form:

™z

o = Z Yam (z, 1) sin T (2.10)

m=0

Having substituted this function in the above-mentioned equation, we get
Hi Hyp2m = 0 (2.11)

where

P o
T 0x2 2 2
o L0 (mmd P
Toox?2 gy [2 c1

to determine each 1o,,, (, %) separately. -
Following [3], we shall look for the functions 9, (x, y) in the class of solutions fi (x)+
+ f2 (y). The simplest solution of this form will be:

2 2m2 2 2,172
) p~  m™m p?  mm
QJZJQm (.fU,y) = BlmCh\/C%_‘_T-r + B2mCh\/;y

Hy
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The constants Bj,, and Ba,, may be determined from the condition that tensile stresses
on the surfaces * = +a and y = +b are zero, more exactly:

0-9093|:c::|:a = Oz (‘P) + 02z (¢2) =0
Tyyly—sp = Oyy () + oyy (Y2) =0

MGOf (p) chiz _
A+2p chll

o0 2 2,.,,2 22192
™m | p m=m p 7rm T™Tmz .
=AY Bt B chy | = e i=12. (212
mzzo ! [02+( 2 ﬂ SRR A 212

We divide the left hand side of equation (2.12) by the functions cos 7%, and then com-

paring the coefficients for the same functions cos ™7 we get:

Bip = dp-o0f(p) (=)™ a1thail

— DOF2m VR, (p) 13, (p)-chvam(p) 5

(2.13)
B _ Apoof(p) c2c2(—1)"arthaql
2 A2 m T VE, ()3, (p)-chvzm (p) 2

Here:
2,122
a1:£; Vim (p) = P"‘Lm%

C1 l

Thus, the solutions (2.10) corresponding to the first group of reflected transverse waves
are completely determined. On the lateral surfaces these solutions cause tangential stresses
x = +a and y = +b. that must be canceled by additional solutions. It turns out that as it was
noted in [3], from all possible solutions of the system of equation (2.5), only the solutions

of the form .
K 7Ty
= g m k| — mk | = + k| == 2.14
w2m - C'1 k COS < + > + C12 k <2 + > b ( )

are capable to neutralize the above-mentioned stresses.
. : * * * __
Let us consider to the equations H,,, H5, 9" = D,, or
02 m2m? p? 02 m2m2 ) s _
Oz 12 c3 022 2 Vo = Dim
2 2 2,,2 -
mim 0 m“m *
a2 &) e T T2 V3 = Dom

(2.15)

where the unknown constants D,,, = D1, + D3, be defined. Without going into details,
we give the ready formulas for these constants that were determined from the condition that
all tangential 0. and o, stresses equal zero on the surfaces © = £a and y = +b:

_ (="
Clkm = 2Dlm i (
2m ») | w2m
0 1k+ 2 |:771k+ 2 ]nlk
) (2.16)
_ (="
Cka = 2Dop,— (
V2'm P)
™ 2k+ [7721@"‘ °R ]77%
5 D2 (—1)™ (5 + 2542 ) (th'2ma) 2th 21
Dy, = 2 2Ho0ct [ (P) % = 2.17)

2
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k=0 o e 7 +113),
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2

w2m
2

m [ p? Vo
2 2o f(p) D7 (G 2TE) (hEp)

Dom = 2 -1
OIS [+ ) S ]
k=0 2/ I,
m (1
=—|z+k
me =\ 5 + )
m (1
=—|z+k
ok = g (2 + >
w2m2c?
Vim = p2 + 12 :
Note that the equation Hg,, HY, vy, = —Dm also has an obvious solution
Yo = — > D ;; e that compensates the solution (2.14) of inhomogeneous equa-
22 )2

tion (2.15) and simultaneously does not cause any displacement in the body.

The obtained solutions by their form are identical with the solutions given in [3] with
only difference that the integrals over continuous parameters, ¢ € (0, 00) in solutions of [3],
(representing originals of Fourier transform) are replaced by an infinite sum for discrete val-
ues ¢ = T (m = 1,2,3,...) of the similar parameter. Therefore, the methods of inversion
of the solutions-transformations by the Laplace operator, stated in [3], are also identical and
can easily be applied here too. Without dwelling on the details, we only give the solutions
(A+2p)A
2u-00-c1

for axial velocities (W =W > of the parallelepiped under consideration:

where:
Fm(T) :Fam<7_)+Fbm(7_);

Q1m (cos Bc—”;x) sin a1t

Fom (7) = +
am (7) cos ﬁg“

0 (—1)’“ . (a%m + n%kcg)mk . c% (cos mcax) cos njcat
+
k=0

o (57271 - U%kcg)

Bmy 3
o, ) sin oyt

CcOs Brmb
c2

o (—l)k v/ (03, + n3.63) o - €3 (cos marcox) cos nac?t
>
k=0

b (ﬁ?n - ”gkcg)

A1m (cos

Fab<7_): +
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M<T,2gl> :H(T)—i—Qi(—l)"H(T—Q(ZZ)

c;mTm

Ay, = I

™m
I ) 2 _ /.2 2
Bm = Cl_C2l =\ O Qe

3 Conclusion

The exact analytic solution of non stationary dynamic problem of wave propagation in a
short length rectangular prism, known as G. Lame problem in mechanics, is found.
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