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Abstract. In the paper the problem of torsion of a radially-
inhomogeneous isotropic sphere of small thickness is studied by the
method of homogeneous solutions. Some special cases of radius de-
pendence elastic characteristics (linear dependence, quadratic depen-
dence, inverse proportionality of the square of distance) are considered.
Homogeneous solutions are constructed and based on the carried out
asymptotic analysis the character of stress-strain state is clarified.
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1 Introduction

Studies of inhomogeneous, mainly of sandwich thin-shelled structures play a significant
role in theory of shells. Variety of inhomogeneous constructions and complexity of phe-
nomena arising in deformation of an inhomogeneous shell give rise to a number of applied
theories. Applicability fields of applied theories of inhomogeneous shells have not been
studied enough. Existence of different applied theories for inhomogeneous shells requires
their critical analysis based on three-dimensional equations of elasticity theory. Analysis
of inhomogeneous shells from point of view of three-dimensional theory of elasticity for
creating new refined applied theories, is also urgent.
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4 Studying the problem of torsion of a spherical shell...

2 Problem statement

Let as consider a problem of torsion of a small thickness isotropic hollow sphere. In the
spherical system of coordinates we denote the domain occupied by the sphere as : I' =
{r € [ri;m2], 0 € [01;02], ¢ € [0;27]}. It is supposed that the shell contains none of the
poles 0 and 7 .We will assume G = G (r)(shear modulus ) an arbitrary positive continuous
function of variable » whose values may change within one order.

When there are no mass forces in spherical system of coordinates, the equilibrium equa-
tions have the from [5]:

0oy n 1 o 0 n 30, + 20,9ctgl o,
or r 00 r

where 0., 0,9 are the stress tensor components that are determined by the displacement
vector component u, = u (7, 6) in the following way [5]:
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orp =G <¢ — ;) , Oph = " <39¢ — uwct99> . 2.2)

2.1

Substituting (2.2) in (2.1) , we get equilibrium equations in displacements

2o (3 -2)] 240 (- %)

2
i) (8 ty O hp M%) — 0. 23)

2 o2 a0 T sing
Assume that face surfaces of the sphere are free from stresses
orp = 0 for r =g, 2.4)
and on conical surfaces (end-wall) are given the boundary conditions
o0 = [ (r) for 6 = 0, 2.5)

where fs (1) (s = 1,2)are rather smooth functions satisfying the equilibrium conditions.

3 Problem solution

We shall look for the solution of (2.3) in the form :

uyp (1,0) = v (r)-m(0) 3.1
where m (6) is the solution of the Legendre equation [3]:
1 1
m” () + ctgf - m' (0) + (22 o 2) m(0) = 0. (3.2)
4  sin“6

Substituting (3.1) in (2.3), (2.4) allowing for (3.2) we get the following boundary value
problem:

[G (r) (u (r)— 2 (r))}/f’G (r) (v' (r)— 2 (T)>+G (r) (Z - zQ) v (r) =0, 3.3)

r r r2

> =0 for r=rs. (3.4)
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Represent (3.3) (3.4) in the form

Av = v, 3.5)
where
2 v (r) , v (r)
A — _ / _ _ / _ .
o=y o (-] - r-19),
G (r) <v’(r)—vir)>—0 for r—rs};
A= % — 22
Let us introduce the Hilbert space Ls (1, 72) with a scalar product
(v,9) / G (r g (r)dr.

Lemma: A : Lo — Lo is a symmetric operator.

Proof. For any function v (r) € D4, g (r) € D4 we have:

(Ang):/wg-Av-G(r)dr

1

= ]29(7«) [_GT;) <G (r) <U’ (r) — Uy)>>/—3r (v’ (r)—“fjn)ﬂ G (r)dr. (3.6)

T1

After integration by parts and taking into account boundary conditions (3.4), from (3.6)

we get:
(Av,g) = (v, Ag) .

From (3.6) we have:

T2 "2 dv  v(r) 2 9
(AU,U):/ G(r).U.AU.dr:/ G(r)(dr—r> redr > 0,
T1 T1

i.e. A: Ly — Lo is non-negative .
Nonzero eigen values of the operator A A\, > 0, Ay — oo as k — oo and the set of
eigen functions {vy } form an orthogonal basis in space Lo:

(Uk,vt) = Qg - One (3.7

where ay, = [* G (r) - v (r) dr.
Let us consider some special cases of dependence of elastic characteristics on r [1,6].

Linear dependence. Assume that the shear modulus is given in the form:
G (r) = G, (3.8)

where G is a constant.
Allowing for (3.8), from (3.3), (3.4) we have:

r2’ (r)+ 3rv’ (r) = (i + ZQ) v(r) =0, (3.9)
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Gor <u’ (r) -2 (T)) =0 for r=r,. (3.10)

r

General solution of (3.9) has the form:

v () = DyrP~t 4 Do~ P+ (.11

where D1, Dy -are arbitrary constants; p = /22 + %.

By (3.11) satisfying boundary conditions (3.10), with respect to Dy, D we get a homo-
geneous linear system of algebraic equations. From the condition of existence of nontrivial
solutions of this system, we get the characteristic equation:

Aq (z,e) = <Z — 22> sh <2€ 22+ 1) =0, (3.12)

T2> is a small parameter that characterizes the thickness of the spherical

where ¢ = %ln <E
shell.

Let us perform analysis of the roots of equation (3.12) The function A; (z,¢) has the
followini two groups of zeros:

19) 25 = +3,
2Y) Denumerable set of zeros

292

T™n

Jr452’

2E = (n=1,2,..). (3.13)

| =

Displacements and stresses corresponding to zf)t = :t% are given by the following for-

mulas:
1 0
uggl) (r,0) = Cor (2 sinf - In (ct92 <2>) + ctg@) , (3.14)
(1) . (1) . —QGUT
opg =0, Oy = g Co.

Displacements and stress corresponding to zeros of (3.13), are of the form:

o 0= 37 [T (T (7)) s (5w () a0

n=1
o2 (r,0) = iio <8+7T22;2> - sin (%.m (%))mn @),  (3.15)
n=1
o2 =3 [ (32 (2)) =i (32 0 (2))]

X (1, (6) — mn (0) ctgb)

where m,, (0) = AnP; L (cosO) + B,Q | (cosf); P, (cosh),Q , (cosf)are
n T3 Zn—35 Zn—35 Zn—35

2
Legendre’s first and second kind adjoint functions, respectively; A, , B, are arbitrary con-
stants.
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Indicate the character of constructed solutions. We represent the displacements and
stresses in the form:

uy, (1,0) = Cor <; sind - In (ctg2 (Z)) + ctg9) + Z v (r)my, (6), (3.16)
k=1

—2Gor
bp —

g

Co+Go Y _vi (1) (mj, (0) — my (0) ctgh) . (3.17)
k=1

sin? @

For torques My, of stress acting in the section 6 = const, we have [2;4]:
T2
My, = 27sin® 0 / ooprdr. (3.18)
1

Substitute (3.17) in (3.18):
My, = —mGo (7’51 - ril) Co
00 ro
+27Gy - sin” 6 - Z (/ r2uy, (r) dr> - (m}, (6) — my (6) ctgh) . (3.19)
k=1 71

Multiplying the both hand sides of (3.9) by r2 and integrating the obtained one in [ry, 9]
allowing for (3.10), we have:

T2
/ r2uy, (rydr=0 (3.20)
1
After substitution of (3.20) in (3.19), we get:
My, = -Gy (r% — 7“11) Co. (3.21)

The constant Cy is proportional to the torque My, of stresses acting in the section ¢ =
const.

Substituting (3.17) in (2.5) and scalarly multiplying by vy, (r) (n = 1,2, ...), allowing
for (3.17) we have:

f:f rfs(r) v, (r)dr
G’f:f rv2 (r)dr

m, (‘95) — Mp (08) Ctges =

n

2 M. - f:f r2v, (1) dr

_ﬂ'GQ (r% — r‘f) sin? 6, f:f rv (r)dr’

(s=1,2) (3.22)

The unknown constants A,,, B, are determined from system (3.22).
(3.14) determine inner stress-strain state of the shell.
For the second group of roots, the principal term of the asymptotic solution of equation
(3.2) has the form:
ﬁ exp [ 22 (0—61)] (140 (¢)) , in vicinity of = 6y,

(%)
(Z)~ \/;Te exp [32 (6 — 62)] (14 O (), in vicinity off) = 6.

(3.23)

Nl= N

my (0) =

The stress state corresponding to the second group of roots is of boundary layer charac-
ter [2:4].
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Quadratic dependence. Assume that the shear modulus is given in the form:

G (r) = Gor.
From (3.3), (3.4) we have:
20" (r) + dro’ (r) — <1 + 22> v(r)=0, (3.24)
2 v (r)
Gor® | v (r) — =0 for r=rs. (3.25)
T
General solution of (3.24) has form:
v(r) = Dyr= (3% 4 Dyt=3, (3.26)

where D3, D4 are arbitrary constants; t = v/ 2% + 4.
By means of (3.26) satisfying boundary conditions(3.25) , we get the characteristic equa-

tion:
Ao (z,6) = (Z - 22> sh (28\/2’2 n 4) —0. (3.27)

Equation (3.27) has two group of roots:
19) 25" = +3,
m2n?

29) Denumerable set of roots z, = ti\/4 + PR

Displacements and stresses corresponding to the root zéﬁ = j:% are of the form:

1
ug) (r,8) = Dor <2 sinf - In <Ct92 <g>> + ctg@) ) (3.28)

2
(1) 1 —2Gyr
“ 0, %00 = sin® 6

re —
The constants Dy, is proportional to the torque My, of stresses acting in the section
0 = const:

Dy.

—47 Gy (7’5’ — ri’)
5

(3.28) determines the inner stress strain state of the shell.
Displacements and stresses corresponding to the second group of roots are of the form:

ug) (r,0) = ir‘g [—;m cos (g—: -In <r72>) + 5sin (7;—: -In (7;2))} my (0),
1

n=

o0 2,2
(2) _ Il N L
Ty —;Gor 2 <2 + 5.2 > sin (26 In <r2>> my (0), (3.29)

ofl = 3Gt [T eos (3 m(2)
n=1

+5sin (g—: -In <T—2>>] - (my, (8) — my, (0) ctgh) .

r
For the second group of roots the principal term of asymptotic solution (3.2) has the
form (3.23). Solutions (3.29) are of boundary layer character [2;4].

Do.

Mkp. =
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Inverse proportionality to square of distance. Suppose that the shear modulus is given
in the form:

Go
From (3.3)-(3.4) we get:
r*u” (r) + <Z - z2> v(r) =0, (3.30)
G;(U(r)—v(r)) =0 for r=rs. (3.31)
T r
Solution of (3.30) has the form:
v(r) = Dsr2® 4 Dgrat?, (3.32)

where p = /22 — 2; Ds, Dg are arbitrary constants.
By means of (3.32) satisfying (3.31) , we get the characteristical equation:

Az (z,e) = <i — z2> sh (25\/ 22 — 2) =0. (3.33)

Equatlon (3. 33) has two groups of zeros:
19) 257 = £3

2,2
m2n
42 -2

Displacements and stresses corresponding to the root zat = j:%, are given by the fol-
lowing formula:

2%) Denumerable set of roots z,, = +i

1
u&l) (r,0) = Eor (2 sinf - In (Ct92g> + ctg@) ,

1 —g O = —2Go
or " Tt r2sin? 6

Displacements and stresses corresponding to the second group of zeros have the form:

Zré [—cos(% ln<7;2>>—sin(7;: In <T>>:|m7’b<6)7
ZGor*% < 22;2)‘8111 <7;:.1n <:2>>mn(9), (3.35)
b2 =3 6o [P (3 () s (5 (2)]

x (my, (8) — my, (6) ctgh) .

(3.34)

n

(3.34) determine the inner stress —stain state of the shell. The constant Dy is proportional to
the torque M}, of stresses acting in the section 6 = const:

My, = —4nGq (ry — 1) Ep.

(3.35) is of boundary layer character [2;4].
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